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1. Introduction 

Let A" be a connected projective algebraic manifold of dimension n + 1 and let 
C be a compact Riemann surface. Let tt : A" — J> C be a surjcctive holomorphic map 
with critical locus T,.^ and with connected fibers. 
. , Let G be a compact Lie group acting holomorphically on X and preserving the 

j^ ' fibers of tt. Assume that there exists a G-equivariant ample line bundle on X. Set 

A = 7r(I]^), C° = C\A, X" = A'|^-i(c„), 7r° = tt^o and X^ := 7r-i(s) for s G G. 
Then tt° : X° ^- G° is a family of projective algebraic manifolds with G-action. 

Let TX jC be the G-equivariant subbundle of TX\x\£.^ defined as TX jC ~ 
ker TT* |;t'\5]^ . Let hx be a G- invariant Kahler metric on X and set hxjc = ^a" Ita'/c- 
Let ujx = ^^x^ be the canonical bundle of X and let u^xjc = ^It^ ® (^*^C')~^ 
be the relative canonical bundle of tt: A" — )> G. Let ^ — ?> A" be a G-equivariant 
holomorphic vector bundle on X equipped with a G- invariant Hermitian metric /i^ . 
We write ujxjc^C) = '^xjc ® C- We set ^s = Clx^ for s e G. 

Let £ A be a critical value of tt. Let (S*, s) be a coordinate neighborhood of G 
centered at such that S* n A = {0}. We set X = 7r-i(S') and 5° = 5 \ {0}. 
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For g E G and s £ S°, let TG{Xs,(-ox^{Cs)){g) be the equivariant analytic torsion 
[6] oi {Xs,uJXs{S.s)) with respect to hx^ — hx\x, and h^^ — h^\x,, where wx^ — ^'x 
for s y^ 0. The goal of this article is to determine the behavior of tg{Xs,ujx^ {S,s)){g) 
as s — !• 0, when (^, h^) is Nakano semi-positive on X . (See Sect. 5.1 for the notion 
of Nakano semi-positivity.) Notice that all R''Tr^,u!x/s{£,) arc locally free in this 
case by Takegoshi's torsion freeness theorem [28] and the condition dim 5* = 1. To 
express the singularity of TG{Xs,u!x^i£,s))ig) as s — ;■ in more detail, we briefly 
recall Gauss maps and semistable reductions. 

Let P(rA')^ be the G-equivariant projective-space bundle such that 'P{TX)^ = 
P{Ta:XY is the set of n-dimensional linear subspaces oiT^X for x £ X. The Gauss 
map 7: X\Y.^ -^ ViTXy is the section defined as 7(2;) = ker(7r*)^ G V(T^XY 
for X € X\ Stt. Since 7 extends to a rational map 7: X ---> P(TA:')^, there is 
a resolution q : {X, E) — > {X ^ S^r) of the indeterminacy of 7 with q\~ : X \E = 

X \ Stt such that 7 = 705 extends to a holomorphic map from X to Y'{TXY and 
such that E is & normal crossing divisor of X . Since 7 is G-equivariant, we may 
assume that G acts on X and that q and 7 are G-equivariant [4]. We denote by 
"H = 0-p(Txy^{^) the tautological quotient bundle on P(rA')^. 

For g G G, let X^ = {x E X: g ■ x — x} he its fixed-point set. Since g is an 
isometry of X , X^ is the disjoint union of compact complex submanifolds of X: 

X^ ^ X^UX^. 

Here Xf^ is a horizontal submanifold, i.e., ttI^^s : Xf^ — > G is a flat holomorphic map 
and Xy is a vertical submanifold, i.e., 7r(Ay) is a proper subset of G. Since the 
G-action on G is trivial, one has Xy C S,r and 7r(Ay) C A by the G-equivariance 
of TT. Let X^ C A" be the proper transform of Xf^ C X. Since Xf^ C (Xy , we get 
^(X^) C (P{TX)'^y by the G-equivariancc of 7. Hence g £ G preserves the fibers 
of (j*U)\~, . We set Eq = {n o q)-^{0) n E and define 

Jeohx^^ I ci(n ) J 

Tdg{TX)chg{u;;,{0). 
x^nxo 

Let /: {Y,Ya) -^ (T, 0) be a semistable reduction of tt: {X,Xq) -^ (5,0). We 
have a commutative diagram, where Yq C K is a reduced normal crossing divisor: 

(r,ro = /-Ho)) -^-^ {x,Xo) 

4 

(r,o) -^i^ (5,0). 

By [23], R^ f^ujY/T{F*i) is a G-equivariant locally free sheaf equipped with an 
injective homomorphism ip: R'^ff,ujY/T{F*£.) -^ t^*R'^T^*^x/s{£,) of G-modules. We 
regard -R'^/*wy/y(i^*^) as a subsheaf of iJ*R'^'KfUJx/s{€} by this inclusion. The 
Lefschetz trace of the G-action on {^*R'K^,ujx/s{0/Rf*'^Y/T{F*0)o is defined as 
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for g ^ G. Now the main result of this article is stated as follows. 

Theorem 1.1. If{^,h^) is Nakano semi- positive on X — Tr^^{S), then there exist 
constants Vg,Cg G C such that as s — > 

\ogTG{Xs,^xAis)){9) - {a,(Xo,.;x/5(?)) + -r^l^a (" ^^^^^^^Z^^^) V log |,|2 

deg^ \K,I^LJY/T{i' 4j/ 

+ Vg log(- log \s\^) +Cg + (1/ log |s|) . 

By Theorem 1.1, the logarithmic singularity oi \ogTG{Xs,0JxSis)){g) is deter- 
mined by the algebraic term l^g{ii*RTT^LJx/s{0/ -^f*'-^Y/TiF*0) rneasuring the co- 
homological difference between {X,Xo) and its semistable reduction (Y^Yq) and 
the topological term ag{XQ, ujx/s{S,)) arising from the resolution of the Gauss map. 
See Corollary 6.10 for a formula for \ogTG{Xs,S,s){g) as s — > 0, when {^,h^) is 
semi-negative in the dual Nakano sense. We remark fg G Z if g = 1. 

For some important classes of degenerations, we get the following. 

Theorem 1.2. Assume that {£,,h^) is Nakano semi-positive on X = Tr^^{S). 

(1) If Xq is reduced and the pair {X,Xo) has only log-canonical singularities, 
then Lg{fi*Rn^LOx/s{0/Rf*^Y/TiF*S,)) = in Theorem 1.1. 

(2) If Xq is reduced, normal and has only canonical (equivalently rational) sin- 
gularities, then there exist c G C, r G Q>0; I G Z>o such that as s ^)- 0, 

logTG(X„c^x.fc))(5)-ag(Xo,c^x/s(0)log|s|' + c + 0(|sr(log|5|)'). 

For the definition of (log-)canonical singularities, see Sect. 7.1. Since the pair 
{X, Xq) has only log-canonical singularities when tt : {X, Xq) — > (5*, 0) is semistable, 
Theorem 1.1 and Theorem 1.2 (1) are compatible. If the singularity of {X,Xo) is 
strictly worse than log-canonical, then ]Lg{fi*RTr^ujx/s{0/Rf*^Y/T{F*0) 7^ in 
general (Sect. 8). When dimX^ = 1, G = {1} and Xq has at most nodes, asymptotic 
expansions like Theorems 1.1 and 1.2 (1) were obtained by Bismut-Bost [8] and 
Wolpert [29], where i^g ^ in general. Without the assumption of the curvature 
of {^,h^), the singularity of analytic torsion was determined by Farber [14] when 
Xq is non-singular. In [33], we use Theorem 1.1 to prove the automorphic property 
of the invariant tm introduced in [30] , which plays a crucial role to determine an 
exphcit Borcherds product expressing tm in the case r{M) > 18 (cf. [32]). 

The strategy for the proof of Theorem 1.1 is as follows. Following [7, Th. 5.9], 
[31, Th. 1.1], we determine the singularity of the equivariant Quillen metric on the 
equivariant determinant of the cohomologies of ^ by applying the Bismut immer- 
sion formula [6] to the G-equivariant embedding Xs =— > X (Theorem 4.1). Then we 
get Theorem 1.1 by studying the behavior of the L^-metric on WirtOJx/siO (The- 
orem 6.8). For this, a theorem of Takegoshi [28] and its extension by Mourougane- 
Takayama [23] play a crucial role to express the fiberwise harmonic representative of 
an element of H''{X, fl^^{^)), where the Nakano semi-positivity of ^ is essentially 
used (Sect. 6). The asymptotic expansion follows from a theorem of Barlet [2]. 

This article is organized as follows. In Sect. 2, we recall Gauss maps. In Sect. 3, 
we recall equivariant Quillen metrics and study their regularity. In Sect. 4, we 
determine the singularity of equivariant Quillen metrics. In Sect. 5, we recall the 
notion of Nakano semi-positivity of vector bundles. In Sect. 6, we prove Theorem 1.1. 
In Sect. 7, we prove Theorem 1.2. In Sect. 8, we study some examples. In Sect. 9, we 
prove some technical results. 
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Notation For a complex manifold, we set df^ — -^{d — S). Hence ddf^ = 
■^dd. For a complex manifold Y, Ay'^ denotes the vector space of C°° {p,q)- 
forms on Y. We set Ay = ® >q Ay^/ImS + Im9. For a G-equivariant vector 
bundle F over Y equipped with a G-invariant Hermitian metric hp, we denote by 
c^{F,hF) e ®p>oAPy'', Tdg{F,hp),chg{F,hp) e ®p>o^V^ the i-th Chern form, 
the equivariant Todd form, and the equivariant Chern character form of {F, hp) 
with respect to the holomorphic Hermitian connection, respectively (cf. [6]). 

After [2], we set B{S) = C^{S) (B ^^^cmio^n^Lol^l'^'i^^sl^D'C^^iS)- A 
function of B{S) is continuous and has an asymptotic expansion at s = 0. We write 
</) =B V if 0, V' e G°°(S"') satisfies (p-ipe B{S) C C^{S). Throughout this article, 
we keep the notation and the assumptions in Sect.l. 

Acknowledgements We thank Professor Shigeharu Takayama for helpful dis- 
cussions about the singularity of L^-metrics and for pointing out some errors and 
difficulties in the earlier version. We also thank Professor Vincent Maillot for his 
comments on the earlier version, which improved the formulation of Theorem 1.1 
and Professor Fumiharu Kato for helpful discussion about semistable reduction. 

2. The Gauss map and its equivariant resolution 

Let Vt]^ be the holomorphic cotangent bundle of A". Let 77: 'P{Vl\®tt*TC) -^ X 
be the projective-space bundle associated with £i\®'k*TC. Let FF' : ViTXy -^ X 
be the dual projective-space bundle of P(rA'), whose fiber P(Ta;Af)^ is the set 
of hyperplanes of T^X passing through Oj; G T^X. Since dimG ~ 1, we have 

v(si\ ® ■K*TC) = v(si\) - ^{Txy . 

Let X e A" \ SjT. Let s be a holomorphic local coordinate of G near 7r(x) e G. 
We define the Gauss maps jy : X\Y.-„ ^ P(f7;!^, (g)7r*TG) and7: A'VE^ -^V{TXy 

by 



v{x) :— [dlTa: 



Ed{s on) d 

^- '-{x)dz^® — 
ozi OS 

.4=0 * 



7(2;) := [TxX^(^^)\. 



Under the canonical isomorphism P(^^ ® Tr*TC) ^ P{TXy , one has v — ^. 

Let Ti, := C'p(r;f)v(l) be the tautological quotient bundle and let U be the uni- 
versal hyperplane bundle of P(rA')^. We have the exact sequence of G-equivariant 
vector bundles on P{TXy 

S^'-.O — >U — > {n^)*TX — >% — ^ 0. 

Let hu be the Hermitian metric on lA induced from {n^)*hx, and let h-^ be the 
Hermitian metric on Ti. induced from {n'^)*hx by the G°°-isomorphism li = U^ . 
On A- \ S^, we have {TX/C, hx/c) = 7*(W, hu). 

Let £ := Op(oi ®^*tc)(~1) C n*{rt\, (g) ■k*TC) be the tautological line bundle 
over P(i7;l^.(g)7r*rG). Let /ic be a Hermitian metric on G. Let /i^i be the Hermitian 
metric on f2^ induced from hx ■ Let he be the Hermitian metric on C induced from 
the metric n*{hf^i^ ® ■n*hc) by the inclusion C C n*{n\ ® ■n*TC). 

Since S^ is a proper subvariety of X , the Gauss maps v and 7 extend to rational 
mapsz^: X —^'P{n\.®iT*TC) and 7: X --^ P(TA')^. By [4, Th. 13.2], there exist 
a projective algebraic manifold A", a normal crossing divisor _E C A", a birational 
holomorphic map g: A" — > A" with E = (7~^(E.n-), and holomorphic maps v: X -^ 
P(0;!^. (g) 7r*TG) and 7: A^ ^ P(TA')^ with the following properties: 
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(a) The G-action on X lifts to a G-action on X and q\~ : X\E ^^ X\Y.-,r is 
a G-equivariant isoniorphism. 

(b) (tt o q)^^{h) is a normal crossing divisor of X for all 6 G A. 

(c) v = V o q and ^ — ^ o q on X \E. 



Then V = ^ under the canonical isomorphism P(ri|^ ® ti*TC) = 'P{TX) 



X " 



3. Equivariant Quillen metrics 

In this section, we recall equivariant Quillen metrics and prove its smoothness 
for smooth projective morphisms. For more general treatments including smooth 
Kiihler morphisms, we refer to [9, III Sects. 2 and 3]. In the rest of this article, G 
denotes the set of equivalence classes of complex irreducible representations of G. 
For VF G G, the corresponding irreducible character is denoted by xw ■ 

3.1. Equivariant analytic torsion and equivariant Quillen metrics. 

3.1.1. Equivariant analytic torsion. Let V^ be a compact Kahler manifold with holo- 
morphic G-action. Let hy be a G-invariant Kahler metric on V. Let F be a G- 
equivariant holomorphic vector bundle on V equipped with a G-invariant Hermitian 
metric hp- We set V — {V, hy) and F = {F^hp)- Let Ay'^{F) be the vector space of 
F- valued smooth (p, g)-forms on V . We set Sp = ®„>o ■^v'{P)^ which is equipped 
with the L^ metric (•, ■)]^2 with respect to hy and hp. Then (•, ■)]^2 is G-invariant 
with respect to the standard G-action on Sp. 

Let Di? = 2(9i? + 9|,)^ be the Laplacian acting on Sp. We denote by <j{^p) the 
spectrum of Up. Let Kp{\) be the eigenspace of Up with eigenvalue A e a{\3p). 
Since G preserves the metrics hy and hp^ Up commutes with the G-action on Sp. 
Hence G acts on Kp{X). With respect to the Z-grading on Kp{\) induced from 
the one on Sp, the number operator N and the supertrace Trs[-] are defined on 
Kp{X) (cf. [9]). For g £ G and s e C with Re s > 0, we define 

Cg{9){s):= Y. A-^Tr.LgiVkHA)]- 
\e<T(aF)\{o} 

Then C.Q{g){s) extends to a meromorphic function on C and is holomorphic at 
s = 0. For 5 e G, we define 

logTG(F,F)(.g):--C^(.g)(0). 

Then logTQ^V, F){g) is called the equivariant analytic torsion of {V,F) (cf. [6]). 

3.1.2. Equivariant Quillen metrics. Since _F is a G-equivariant holomorphic vector 
bundle on V, G acts on H{V, F) = 0„£2; -^''(^j ^) ^^'^ preserves its grading. One 
has the isotypical splitting of the Z-graded vector space 

HiV,F) = }iomGiW,H{V,F))(g)W. 
weG 

Since dimH{V, F) < +oo, UomaiW, H{V, F)) ^ except for finite W eG. Wc set 
Xw{F) ^dctRoiaG{W,H{V,F))®W := (g)(dctHomG(VK,i7«(y,F)) ® 14^)^"^^'. 

q>0 
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The equivariant determinant of the cohomologies of F is defined as 

wed 

Notice that our sign convention is different form the one in [6, Eq. (2.9)]. When 
HomG(T4^, iJ(V, i^)) — 0, \w{F) is canonicahy isomorphic to C by definition. In 
this case, the canonical element of \w{F) corresponding to I G C is denoted by 
'^Xw(F)- A vector a = {oi-w)-^pQ S \g{F) is said to be admissible if aw 7^ 
for all VK e G and if aw — ^\„(f) except for finitely many W £ G. The set 
of admissible elements of Xq (F) is identified with the direct sum ©^ p Xw (F) ^ , 
where Xw{F)^ := Xw(F) \ {0} is the set of invcrtiblc elements of Xw(F). 

By Hodge theory, we have an isomorphism of Z-graded G-spaces H{V,F) = 
Kf(Q). The G- invariant metric on H{V, F) induced from the L^-metric on Kp(Q) C 
Sp by this isomorphism is denoted by hjjrypy Then the isotypical splitting of 
H{V,F) is orthogonal with respect to hH{v.F)- Let || • ||l2,Aw(f) be the Hcrmitian 
metric on Xw{F) induced from hH(v.F)- Recall that xw is the character of M^ G G. 
For an admissible element a = (avF)^^?? G ®wer '^^^^^^ ^ ^^ ^^^ 

log l|a|||,Ao(F)(5) := -Ccigm + E^ ^^7 l°g W^wWh^.^^py 

weG 

The C-valucd function log || • \\qx (f)(9) ^^ ©w^r'^'^^^)^ ^^ called the equi- 
variant Quillen metric on Xg{F) with respect to hy, hp- Notice that equivariant 
Quillen metric makes sense only for admissible elements. We refer to [25], [24], 
[6], [19], [21] for more about equivariant analytic torsion, equivariant determinants, 
and equivariant Quillen metrics. 

3.2. The smoothness of equivariant Quillen metrics. Let M be a compact 
complex manifold with holomorphic G-action and let _B be a compact complex 
manifold with trivial G-action. Let tt : M — )► _B be a G-equivariant proper surjective 
flat holomorphic map. Assume that there is a G-equivariant ample line bundle on 
M. Let F — > M be a G-equivariant holomorphic vector bundle. Let Hm be a 
G-invariant Kahler metric on M and let hp be a G-invariant Hermitian metric on 
F. We set Mh := 7r~^(6) and Ft, := F\m^ for b G B. Then G preserves the fibers 
Mb and Fi,, and n: M — > i? is a family of projective algebraic varieties. 

For W & G, we define HomdW, R^ir^F) ® VF to be the sheaf on B associated 
to the presheaf U ^ Home (W, Hi{Tr~^{U), F\^-i^u^)) (g) W. 

3.2.1. Direct image sheaves. Since there is a G-equivariant ample line bundle on M 
by assumption, there exist a complex of G-cquivariant holomorphic vector bundles 
Ft : — > Fq — > Fi — > ■ ■ ■ — > F„i — > on M and a homomorphism i: F —^ Fq 
of G-modules with the following conditions: 

(i) The complex ^ F ^ Fq ^ ■ ■ ■ ^ F„i — > is acyclic, 
(ii) H'J{Mb,F,\Mj = for aU q > and i > 0. 

By (i), (ii), 7r*F, : — > tt^^Fq — > tt*Fi — > ■ ■ ■ — > T^*Fm — > is a complex of 
G-equivariant locally free sheaves of finite rank over B, whose cohomology sheaves 



SINGULARITIES AND ANALYTIC TORSION 7 

compute the direct image sheaves R'^n^F, q> 0, i.e., 
(3.1) 

Since (3.1) is an equahty of G-modules, we get for all M^ G G and g > 

(3.2) HomG(T4^,i?%*F) ®W = H«(HomG(M^,7r,i^.) ® W). 

Since HomG(T4^, 7r*F,) (g) ly is a complex of locally free Oe-modules, we deduce 
from (3.2) that HomG(W^, i?*7r*F) ® W is & coherent Os-module on B. Since 
W{iT^F,) = ®^^-g W{Y{omG{W, TT^F,) (g) W), we get the isotypical splitting on B 

(3.3) R'^TT^.F = HomG(W", i?%,F) ® W. 

Notice that HomG(VK, R'^n^F) — except for finitely many W £ G. 

3.2.2. Equivariant determinant of cohomologies. Recall that for any coherent ana- 
lytic sheaf J^ on B, one can associate the invertible sheaf det J^ on B by [18], [9, 
III, Sect. 3]. We define 

Xw{F) := 0^>o det (HomG(VK, R'^tt.F) W)^'^'>' , 

>^g{F) :-nv^-eG^^(^)- 
If IIomG(VF, i?^7r,i^) ~ for all q > 0, then Xw{F) is canonically isomorphic to 
Ob- In this case, the canonical section of X\y{F) corresponding to 1 e H'^{B, Ob) 
is denoted by 1\„(f)- By [9, III, Lemma 3.7], there is a canonical identification 

(3.4) Xw{F)b := Xw{F)/mbXw{F) = Xw{F\mJ 

for all b G B, where nib is the maximal ideal of OB.b- 

For an open subset U C B, a holomorphic section a — {(Jw)^^^ p of Xg{F)\ij 

is said to be admissible if crw is nowhere vanishing on U for all T4^ G G and if 
<^w = ^Xiv(v) except for finitely many W £ G. 

3.2.3. The smoothness of equivariant Quillen metrics. Let D C B he the discrim- 
inant locus of TT and set B° := B\D. By (3.4), Xg{F)\b'> is equipped with the 
equivariant Quillen metric || • ||q,Ag(f)(.9) with respect to /imItm/s ^^'^ hp such 
that for every b £ B°, 

II • \\QAG{F){9)ib) := II • IIq.Ag(f,)(5)- 

Theorem 3.1. Let U C B° be a small connected open subset with Xw{Fi)\u = Ojj 
for all i and W £ G. Let a = {aw)yt, p be an admissible holomorphic section of 
Xg{F)\u. Tfeerilog||a|||,^(^)(5) eG^(C/). 

Proof. By the definition of X\y (F) , we have the canonical isomorphism 

ipw ■■ XwiF) ^ <^detnHRomG(W,n,F,) ®W)^-'^" ^ (^ Xw{F,)^-'^' . 

q>0 i>0 

There exists an admissible holomorphic section (Ji = iio'i)w)^^pf: of XG{Fi)\u such 

that (fiwio'w) = <X'i>o(o'i)J^ for all W € G. 

Let hpi be a G-invariant Hermitian metric on Fi and let || • ||Q,AG(-F'i)(6') be 
the equivariant Quillen metric on XG{Fi) with respect to the G-invariant metrics 
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hM/B — hMlxM/B and hpi- Let chg{F,F,;hF,hF.) G A{M3) be the Bott-Chern 
secondary class [9, I e), f)] such that 

dd^chgiF,F,;hF,hF.) = ;^(-l)'chg(F„ V.) -chg(F,/ip). 

i>0 

Applying the immersion formula of Bismut [6, Th. 0.1] to the immersion ^-> Mf,, 
6 G C/, we get the following equation of complex-valued functions on U 

(3.5) 



(0) 

TT4Tdg{TM/B,hM/B)chg{F,F,;hF,hF.)} 



i>0 

where we used [9, I, Th. 1.29 and Cor. 1.30] to identify the Bott-Chern current 
Tg{F, F,; Hf, hF,) with the Bott-Chern class chg(i^, F,;hF, hF,) in the first equality 
and [w]^^''^ denotes the component of degree 2d of a differential form to. Since the 
morphism tt: 7t^^{U) -^ U is smooth and since h'^{Mi,, Fi\M^) is a constant function 
on U, we get log IkiH^^^^^^^Cg) £ C°^{U) by [9, III, Th.3.5]. This, together with 
(3.5), implies the result. D 

Remark 3.2. The curvature —dd'^ log ||cr||Q ^^ ip\ {g) was computed by Bismut-Gillet- 
Soule [9, Th. 0.1] when G is trivial and by Ma [21, Th. 2.12] when G is general and aU 
direct image sheaves R'^tt^,F, q > are locally free. By Theorem 3.1, the curvature 
formula of Bismut-Gillct-Soulc-Ma 

(3.6) 

-dd^\ogMl,^^^p^{g) = [n4TdgiTM/B,hM/B)chg{F,hF)}f^ 

remains valid on B° even if i?'^7r*_F may not be locally free, because there is a dense 
Zariski open subset U C B° over which h''{Fh) is constant for all g > 0. 

4. The singularity of equivariant Quillen metrics 

Let Ag(0 be the equivariant determinant of the cohomologies of ^. Then 
Ag(C)Ic° is equipped with the equivariant Quillen metric ]] • \W (p) q{) with re- 
spect to the G-invariant metrics hx/Ci ^5- Let a be an admissible holomorphic 
section of Ag(015- By Theorem 3.1, log 11ct(s)1|^^(^) Q(g) G C°°{S°) for g G G. In 
this section, we determine the behavior of log l|cr(s)]]^ /,-, Q{g) as s — > 0. 

4.1. The non-twisted case. Let F C A'xG be the graphof tt. Then F is a smooth 
divisor on A" x G preserved by the G-action on A:" x G. Let [F] be the G-equivariant 
holomorphic line bundle on A" x G associated to F. Let <:r G H'^{X x G, [F]) be 
the canonical section of [F] such that div(i;r) — L. We identiiy X with F via the 
projection F — ^ A. 

Let i : F ^-> A X G be the inclusion. Let pi : A x G — > A and p2 : A x G ^ G be 
the projections. By the G-equivariances of i, pi, p2, we have the exact sequence of 
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G-equi variant coherent sheaves on A" x C, 

(4.1) 

Let Ag(PiC): '^G([r]^^ ®Pi^), Ag(C) be the equivariant determinants of the di- 
rect images R{p2)*OxxciplO^ R{p2)*Oxxcim~'^ ^P*iO, Rn^OxiO^ respectively. 
Under the isomorphism pl^\r — £, induced from the identification pi : F — > A', the 
holomorphic vector bundle Xg on C defined as 



Xg :- Xg ([r]-i 0p^C) ® ^g{pIO~' ® Ag(C) = Uw^g>^ 
Xw ■■= Xw ([r]-i (E,pl^) (E) XwipKr^ ® ^wiO 



w, 



carries the canonical holomorphic section (Jkm — ((o'km)^)^^?^ such that {aKM) 



wgG 



w 



\tt{w) - 


-t|2 if {w,t) e7r-HU)xU, 


1 


if {w,t)e{X\X)xU 



is identified with 1 S H^{C, Oc) under the canonical isomorphism Xw — Og', since 
Xw is the determinant of the acyclic complex of coherent sheaves on C obtained as 
the VF-component of the long exact sequence of direct images associated to (4.1), 
Xw is canonically isomorphic to Og ([6], [11], [18]). Then ctkm is admissible. 

Let U G She a. relatively compact neighborhood of G A and set U° := t/\ {0}. 
OnX = 7r~-'^(S'), we identify TT (resp. dir) with sott (resp. d{soTi)). Hence tt G 0{X) 
and dn G H'^{X,n^) in what follows. 

Let h[Y] be a G-invariant G°° Hcrmitian metric on [F] such that 

(4.2) h[r]iir,<;rKw,t) = 

and let htn-i be the metric on [F]^^ induced from hrp]- 

For g <E G, let || • ||q,Ag(5)(5) be the equivariant Quillen metric on Xg{C} with 
respect to hx/G, h- Let || • llQ,AG([r]-i®p*{) (resp. || • ||q,Ag(pJC)) be the equivariant 
Quillen metric on AG([r]~^ ® Pi?) (resp. Ag(PiC)) with respect to hx, ^[r]-i ® h^ 
(resp. hx, h^). Let || • ||q,Ag be the equivariant Quillen metric on Xg defined as 
the tensor product of those on AG([r]^^ ®PiC)i Ag(PiC)~^j Ag(C)- 

For the germ (tt: {X,Xo) — > (5,0),^), we define its topological invariant 

a,{Xo,0= f . 7*{^— ^^^j^}<Z*{Td,(rA')ch,(e)}-/ Td,(rA')ch,(C). 

Theorem 4.1. For g G G, the following identity of functions on S° holds: 

log II^KM ||q,Ag (5) =B ag{Xo, C) log |sp. 

Since X^ = X and A"^ = for g = 1, we get [31, Th. 1.1] by Theorem 4.2. 

Proof. We follow [7, Sect. 5], [30, Th.6.3], [31, Th.5.1]. The proof is quite parallel 
to that of [31, Th. 5.1]. The major differences come from the fact that X^ consists 
of the horizontal component Xfj and vertical component Xy and these two compo- 
nents give different contributions to the singularity of log || ctkmHq \^{9)- 
Step 1 Let [Xg] — [FJIx^ be the holomorphic line bundle on X associated to the 
divisor Xg- The canonical section of [Xg] is defined as i^s — '^r\xx{s} G H'^iX, [Xg])- 
Then div(<js) = Xg. Let ig-. Xg ^^ X he the natural embedding. By (4.1), we get 
the exact sequence of G-equivariant coherent sheaves on X, 

(4.3) -^ Ox{[Xg]-^ ® ^^ OxiO -^ (*s)*Ox. iO -^ 0, 
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which induces the canonical isomorphism {Xg)s = XgHXs]^^ (E) C) Xg{S,)^^ ® 

Set htxj ~ ^[ril^'xls}? which is a G-invariant Hermitian metric on [Xs]. Let 
^[Xs]-! be the G-invariant Hermitian metric on [X,;]"^ induced from hixj- 

Let Ns = Nx^/x (resp. A^* — Nx jx) be the normal (resp. conormal) bundle 
of Xsi^X. Then d7r|x, e i?°(X,,iV*) generates N^ for s e 5*° and d-K\x, is 
G-invariant (cf. [6, Eq. (2.2)]). Let a^v* be the G-invariant Hermitian metric on N* 
defined by a'N*{di^\xsT'^'^\xs) ~ 1- Let ajsi^ be the G-invariant Hermitian metric 
on Ng induced from oat* . We have the equality c\{Ns,a^^) = for s e U° . By 
[31, Proof of Th. 5.1 Step 1], the G-invariant metrics /i[x^]-i ® h(^ and /i^ verify 
assumption (A) of Bismut [5, Def.1.5] with respect to a^v^ and h^Xs- 
Step 2 Let £„ be the exact sequence of G-equivariant holomorphic vector bundles 
on Xs defined as 5,,: ^ TX^ -)■ TX\x, -)■ Ns ^ 0. By [9, I], one has the 
Bott-Chern class Tdg{£s; hx, , hx, aw,) € Ax^ such that 



dd''Tdg{£s;hx,,hx,aNj ^ Tdg{TXs,hx,)Td{Ns,aNj\x^, - Tdj,(rA', /i. 



X) 



Here we used the triviality of the G-action on Nglxn to get the equality Tdg {Ng , a^^ ) = 
Td{Ns,aNj\xl- Set {Xfj)s :— Xfj n Xg- Applying the embedding formula of Bis- 
mut [6] (see also [7, Th. 5.6]) to the G-equivariant embedding ig'. Xg ^^ X and to 
the exact sequence (4.3), we get for all s e C/° 

(4.4) 

, II / M|2 /^ f ^<ig{TX,hx)chg{£„h^) 
log||CTKM(s)||Q_AG(3)= / T^^^rn h \ -\ogh[r]{';r,<ir) 



Tdg{£s; hx,,hx,aNs)ciigith) 

(x|,), Td(iVs,ajvJ 



Cig), 



where C{g) is a topological constant independent of s G U°. Here we used the 
triviality of the G-action on [AT^Jjj^s and the explicit formula for the Bott-Chern 
current [10, Rem. 3.5, especially (3.23), Th. 3.15, Th. 3.17] to get the first term of 
the right hand side of (4.4). Substituting (4.2) and ci{Ns,aNj = into (4.4), we 
get for s eU° 

(4.5) 
\og\\aKM{s)\\l,xj9)^B- I Tdg{TX,hx)chg{(,h)\og\iT - s\^ 

-I Tdg{TX)c\vg{0\og\s\^- f Tdg{£g-hx,.hx.aN^c\vg{S,,h^) 

J(X^nXo)x{s} J{X%), 



=B-{ Tdg{TX)chg{^)}\og\s\^~ Tdg{£g;hx,,hx,aNjchg{^,h^), 

Jx^nxo J{x^„)s 

where we used the equality ^[r](?r, '^r)|xox{s} = kP ^-nd the fact Xy C\ Tr^^{U) = 
Xy n Xq to get the first equality and [31, Th. 9.1] to get the second equality. 
Step 3 Let hx^ be the Hermitian metric on A^^ induced from hx by the C°° 
isomorphism Ng = (TATs)-"-. Let Td(Afs; aN^^hx,) e Ax, be the Bott-Chern 
secondary class such that 

dd'Td{Ng-aN,,hN,) = Td(A^„ a^J - Td(A^„ hx^- 



SINGULARITIES AND ANALYTIC TORSION 



11 



Since G acts trivially on Ns\x^^ we deduce from [15, I, Props. 1.3.2 and 1.3.4] that 
(4i5) 

Tdg{£s; hx,,hx,aN,) = 

Tdg{£s; hx,,hx,hNj +Tdg{TXs,hxjTd{Ns; aN^,hNj = 

TdgiSs; hx,,hx, hNj + l*TdgiU, hu) ^*{i^IfciIAM} i^g ||rf^||2 



(n) 



-ci{C,hc) 

Here we used [31, Eq. (13)] and the relation {TXs, hxj ~ 7*(Wi hn)\x^ to get the 
second equality. Since 

{£s,hx,,hx,hxJ^r{S'',hu,{n''rhx,hn)\x^, 
we get by the functorial property of the Bott-Chern class [9, I] 

(4.7) fdgiSs; hx^,hx,hNj^rTdg{S''; hu,{n''rhx,hn)\ix^^)^- 

Substituting (4.7) into (4.6), we get 

(4£) _ 

Tdg{£s; hx,,hx,aNj =7*Td<,(<S^; hu,{n'^)*hx,h'u)\(xf^), + 

*T-^ nj u ^ *rl ~Td(-ci(£, /i£)) 21 

7 Tdg{U,hu)iy { _,^ ^ } log||d7r|| |(xj)^. 

Substituting (4.8) into (4.5), we get by the same argument as in [31, p. 74 1.1-1.13] 
(4.9) 

log|kKM|||,Ao(5) ^B -{ I Tdg{TX)c\,g{0} log|s|2 

JxlnXn 

(0) 



IX^nXa 

iAxO* f7*Td<,(>S^; hu,{n''rhx,hn)c\ig{i,h^) 



(ttI 



X?,)* 



i*Tdg(u, hu) ^*|L^lLfilAM) ^ ^j^^^^^ ^^) j^g ij^^ipl 



{/ Td,(rA')ch3(e)}log|s| 



-ci{C,hc) 



+ {Mx?,)* 



TTdg(U,hu)^*{ 



Td(-ci(/:, /i£)) - 1 *-, /tl.^/*, lu ii2n1 
.gv-,-M7- I mn }? chg(e,/i^)(q log||d7r|| ) 

where we set n := n o q. By [31, Cor. 4.6] applied to the last line of (4.9), we get 

|2 



l0gllcrKM||Q,AG(.9) =e 

7*{Td,(W)^^i^I^}g*ch,(0- / Td,(TA')ch,(0] loglsl^ 



-l-TdiU)-^ 



■—* r - 



}g*{Td,(T<Y)ch3(C)}]logl 



{ 



/ Tdg{TX)chg{0} \og\s\^^ag{Xo,0 log|s|2. 

Here the first equality follows from the identity Tdg{U)Td{H) = (7T^)*Tdg(TA'), 
which is deduced from the exact sequence ^ U ^ {n^)*TX ^ 'H — > on 
^{TXY . This completes the proof. D 
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Theorem 4.2. For g ^ G, the following identity holds: 
Proof. There exist admissible holomorphic sections 

such that (Jkm = /3(E)Q;~-^(8)cr on S, i.e., (crifM)^' = /^vv (X) a^^ (8) criv for all W e G. 
Then 

log||'^llQ,AG(«)(.9)=log||crKM|||,AG(5) + log||a||Q,AG(p-e)(5)-logll/3|lQ,AG([r]®p*5)(5) 

=Bag{Xo,0 log|sp 

by Theorems 3.1 and 4.1. This proves the theorem. D 

Corollary 4.3. The following equation of (1, l)-currents on S holds: 

-dd^ log ||a|||,,^(^) (g) = ^. [Td,(TA'/C, h;,/c) chg{t h^)] ^'^'^ - ag{Xo, So- 
Proof. The result follows from the curvature formula (3.6) and Theorem 4.2. D 

4.2. The case of adjoint bundles twisted by the relative canonical bundle. 

We set ^x/c ■= ^x/7r*^c ^^^ ^x/c •= A'^^x/c- ^ct ujx := ^^^^ be the 
canonical line bundle of X and let ujx/c '■= ^^^ ® {'^*^c)^^ ^^ ^^^ relative 
canonical line bundle of tt : A:' — > C, which are identified with the dualizing sheaf 
of X and the relative dualizing sheaf of tt : <¥ — > C respectively. On X \ St^ , there 
is a canonical isomorphism ^^/c ^ ^x/c induced by the short exact sequence 
-^ Tr*il^ -^ il\, — > ^x/c ^ *-*• ^^'^ holomorphic vector bundle ^'l^;,Q on A" \ S-^ 
is equipped with the Hermitian metric induced from hx/c- Since 7r*riJ^ C 51^, ljx 
and Ldx/c s-re equipped with the Hermitian metrics h^^ and h^^^ induced from 
hx, respectively. Then the canonical isomorphism ^^ /^ == ^x/c is an isometry. 

For 5 e G, let ||-||q AG(w;f/c(C))(ff) ^^ ^'^^ ^"-l^^^^'"^^^* Q^^^^^'^^™'^*''^'^ '^'^ ^0(^^-/0(0) 
with respect to hx/Ci h^i ^u^x/c- ^^^ >? be a nowhere vanishing holomorphic section 
oi\{ujx/c{^)) on 5. 
Theorem 4.4. For g G G, the following identity of functions on S° holds: 

Proof. By Theorem 4.2 applied to ojx(S,)^ "^^ g^t on S 

(4.10) loglkllQ,A«(.;.(e))(5) ^B ag{Xo,^xm logkp. 

Since Tr*flQ is generated by dn on X\STr, we get an identification (lox/Cj ^lox/c) ~ 

{ujx, \\dTr\\~^hujx) on X. We set ft.(^^({) := /i(.d;t (81 ft.{ and h^^^^(^) :— h^^^^ ® h^. 

By the anomaly formula [6, Th. 2.5], [9, I, Th. 0.3], we get 

(4.11) 



1 II ii2 / ^ 1 II ii2 / \ , 1 " "Q^^G(<^x/c(i)) 
log MQ.Xa(^x/c(i))(9) = log MQ,Xa(^xii))(a) + log ^p 



(5) 
Q,Ag(<^;v(?))(5) 



= log|kllQao(c.;.(?))(5) + '^*(Tdg(TA'/C,/i;,/c)ch<,(^^(0;/i„,(C),/^.,/e(«)))^°^- 
Here chg(cj;f (^);/i^j^/^\,/i^^ (^-j) is the Bott-Chern class such that 

dd''chg{ujxiO;hujxii),hujx/cio) ==chg(u;A'(C),/Ju;;v(?)) - '^'^ai^xiO^h^x/do) 
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Since (uJx/ciO, ^i^x/di)) = i^x{C), \\dTT\\-'^K-^(^)) and -ddf^log Hdvrf = 7*ci(A he), 
we get by [15, I, (1.2.5.1), (1.3.1.2] (see also [13, Eqs. (3.7), (5.5)]) 

(4.12) 

g — 1*cx{C,hc) _ 2 

= chg{ujx, K;,) ^ ^,^ ^. {- log ||rf7r||2) A chg(e, h^) 

= -c\ig{uJx{£,),K^ii)) ^.g^(£^^^) loglMvrf . 

Since Tdg(TA'/C, /i;^'/^) = 7*Tdg(W), we get by (4.11) and [31, Cor. 4.6] 
(4.13) 



(5) 



log^ 



= -i:,{TAg(TXlC,hx/c)c\^g{^x{e),K,®h) ^ I rrW log Hd^lPjW 
=i3-{/ . 7*Tdg(^)g*chg(c.;,(0) ^, ... }log|.|^ 



ci(«) _ 1 



= B -[ / ^ 7*{Tdg(W)^— — ^}q*cll,(c.;,(0)] log |S|2. 

By (4.10) and (4.13), we get 
(4.14) 

f gCiCH) _ 1 

[ag{n,X^,u:xm- ^ 7*{Td,(W) ^}q*ch,(c.;,(e))] log |s|2 



^ 7*{Td,(W) 7J.. - ' ,^. ]}q*c\ig{ux{m logN 



|2 



-{/ Td3(rA')cll,(c.;,(0)}log|5| 

JxlnXn 



l-Td(H)-i _ _e'=i(«) 



j*{Tdg{U)Td{H) -J^ - ,^,^)}q*chg{ujx{0)] log 1^1 = 



{ 



/ Td3(rA')cli,(c.;,(0)}log|s|2 

Jx^nXo 

-{/ Td3(rA')cll<,(c^;,(0)] log |s|2 =03(^0, C^;t/C(e)) log kl^. 

JA-snXo 

Here the fourth equality follows from the identities Tdg(W)Td('H) = {n'^)*^Ag{T X) 
and 

i^I^Ml _ e-Td(x)-2 = ^^('"^'''\ Td(x) = x/(l - e-). 
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This completes the proof. D 

4.3. Compatibility with the Serre duality. We check the compatibility of The- 
orems 4.2 and 4.4 with the Serre duality. There exists an exact sequence of G- 
equivariant holomorphic vector bundles 0— >^— >^o^''"'~^Cm— ^■OonA' such 
that H'^{Xs,ii\x^) = for alH > 0, g > 0, s G C. We get the corresponding long 
exact sequence of G-equivariant holomorphic vector bundles -^ ^x/ciC^n) ^^ 
• • ■ ^ ^x/c{^o) -^ ^x/ciC) ^ on A". Since R'^Ti*i^x/c{^'^) = for g ^ n by 
the fibcrwisc Serre duality, we get for all g > 

. v^ ^ ker{j?"7r,^;,/c(g:^_^) ^ R^^.^x/c{a-,-i)} 

Hence Xw{iOx/c{e))''-^^"' - <^^>o>^w{R''7T,LUx/cii^))^-^^^ for W e G. Since 
XwiO"" = <S)^>oi^w{7T.^^rY-'^' = ®,>o^w{R''Tr,LOx/c{&))^-^'^\ there is a 
canonical isomorphism \w{£,) ®^w{^x/c{C^)Y^^^'^ — ^c- Let Iw be the canoni- 
cal section of XwiO '^ ^wi^^x/ciOY^^''" corresponding to 1 e H°{C, Oc)- Then 
1 — (lw)y(/pg is the canonical section of Ag(C) ® ^ci'^x/ciO)^^^''" ■ By the 
same argument as in [16, p.27], we get log ||l||Q,AG(«)«.AG(w;t/c(C"^))<-i>" (s) = as a 
function on C° , which, together with Theorems 4.2 and 4.4, implies the equality 

(4.15) ^giXoX) + {-irag{Xa,u:x/s{e)) = 0. 

We check (4.15). Let TX\x!i — ®jE{6j) be the decomposition into the eigen- 
bundles with respect to the g-action. Let Aq, . . . , A„ be the Chcrn roots of TX\xa- 
We may assume that the element g acts as the multiplication by e^' on the line 
bundle corresponding to Aj. Since e^^»[Ai/(l — e"'*'')] = (— A^/l — e^*^^^*') and 



e 



[1/(1 _ e-^-+«')] = -(1/1 - e-(-^'+«')), we get 



Td,(rA')ch,(c.;, ® e^)!;,. = {-ir+'-'''^'''Tdg{TX^)c\{e)\xf 
for every connected component Xf of X^ . Set di :— dim A'|'. Then 
(4.16) 

(-l)"«,(Xo,^;,/c(r)) 






^,^ Td(Hvri ^ }q*{Td,{TX)ch,ic.x^e)} 
). ci(« ) 






7^1 JEonix^^u ci(^ ) 



lY^+^ f Tdg(TA"')chg(e' 

J(X,^'),nXn 



y^( 1^d,■+l 






^,^ Td(?^ri H g*{Td,(TA')ch,(0} 
ci[n) 



(2e) 



E(-l)'^+' / E(-l)'^[Td.(rA')ch,(0]('^\ 

jeJ J{x^)jnXo g>Q 
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where X^ = ]Ii^i(Xfj)i and Xy = lIj^j(Xy)j are the decompositions into the 
connected components. Since Xfj intersects Xq properly, we get dinii^o H {X^)i — 
dim(A'^)i — 1. On the other hand, since Xy is contained in the singular fiber of tt, 
f^)j nXa = dim(A'^)j when {X^)j 



we get diin{X^)jnXa = dim(A'^)j when {X^)jnXo ^ 0. By (4.16), we get (4.15) 






-Td(H)-i -1- 



i~ira,iXo,iO;,;c{C))^}_^ ^ 1*{ ' ' }g*{Td,(rA')ch,(0} 

,g^ iBon(A'« ). ci(«j 

+ V / Td<,(rA')chg(e) - -a<,(Xo,0- 

5. NAKANO SEMI-POSITIVE VECTOR BUNDLES 

5.1. Semi-positivity and semi-negativity of vector bundles. Let M be a 

connected complex manifold of dimension n + 1 and let -B — > ikf be a holomorphic 
vector bundle of rank r equipped with a Hermitian metric He- Let R^ = (V'^)^ be 
the curvature of E^ where V'^ is the holomorphic Hermitian connection of (i?, He)- 
Write /iij(* i?^(-), •) =EaAa./^^o/3ah (e>e^)C$ (0a A 0"b), where {e^ (resp. {^4) 
is a local unitary frame of E"^ (resp. ^\i)- Then (E,hE) is said to be Nakano 
semi-posiUve if Ea,6,a,/3 ^aha/jCa^Cf > for all (C) e C'-("+i). Similarly, {E^He) 
is said to be semi-negative in the dual Nakano sense if ^^ b a s ^alafiCbCa — 
for all (C^) G C''^"+^''. Note the difference of indices in these two definitions. By 
[26, Lemma 4.3], {E,hE) is Nakano semi-positive if and only if [E"^ ^hE^j) is semi- 
negative in the dual Nakano sense, where /i^v is the metric on E"^ induced from He- 
We thank Professor Shigeharu Takayama for pointing out the fact that the dual of 
a Nakano semi-positive vector bundle is not necessarily Nakano semi-negative but 
semi-negative in the dual Nakano sense. 

5.2. Some results of Takegoshi for Nakano semi-positive vector bundles. 

We recall two results for Nakano semi-positive vector bundles from [28] . Let Z\ C C 
be the unit disc. Let tt : M — > Z\ be a proper surjective holomorphic map with 
critical locus S and set Mt :— 7r^^(t) for i G Z\. Assume that M is a Kahler 
manifold with Kahler form km- Set KMt '■— kmImj and hE^ '■— hE\Mf 

Theorem 5.1. Assume ttiat {E^He) is Nakano semi-positive. For every u G 
Hi{M,n'^^{E)), there exists a G i7°(M, rj^^"'^(B)) with 

u = [a A K^/], {Tr*dt) A cr = 0. 

In particular, there exists v G H'^{M \ S, ^m/zi(-^)) ^*^^ 



u 



M\s = [wAk^^ A (7r*dt) 



For i G Zi \ 7r(Z'), v\Mt A k\i G ^^^(QJvft (^ImJ) is a harmonic form with respect 

to KMt 7 h-Et ■ 

Proof. See [28, Th. 5.2 (i), (ii)]. Notice that v\Mt A k^j — *{v\Mt) is a harmonic 
form with respect to km^, hE^, since v\Mt G F['^{Mt, il'^'') is holomorphic and since 
the Hodge star operator preserves harmonic forms. D 

Theorem 5.1 and its extension by Mourougane- Takayama [23, Prop. 4.4] shall 
play a key role in Sects. 6 and 9 to prove Theorem 1.1. 
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Lemma 5.2. // {E, He) is Nakano semi-positive, then R'^tt^.Q^ [E) is locally free 
for all q > 0. 

Proof Since RinMlt^iE) is torsion free by [28, Th.6.5 (i)] and since dim 5 = 1, 
we get the result. D 

We refer to [26, Sect. 4], [12, Chap. VII] for more about various notions of pos- 
itivity and negativity of vector bundles and [3] , [22] , [23] , [28] for more about the 
direct images of Nakano semi-positive vector bundles twisted by the relative canon- 
ical bundle. 

6. Asymptotic behavior of equivariant analytic torsion 

6.1. Set up. Let kx be the Kahlcr form of hx- In the rest of this paper, we 
assume that {^,h^) is Nakano semi-positive on X and that (S*, 0) = (Z\,0). By 
Lemma 5.2, R'^TT^ujx/siO i^ locally free on S. By shrinking S if necessary, we may 
also assume that R'^ir^.uJx/siO is a free Os-module on S. By the G-equivariance of 
R'^TT^,ujx/s{Oi iioma{W, R'^n^.tux/siO) 'S^W is a vector bundle on S. By definition, 

Ag(c^x/s(0)- n (8)dct(HomG(I^,i?%*c^x/(C))®W^)'"'^'- 

Let r^ e Z>o be the rank of RomciW, i?«7r,f]J^^(^)) (g) VK as a free Os-module 
onS. Let {*!,... , ^^^^j C if"(5,HomG(VK,i?«7r,f7J^"i(0) (g) VF) be a free basis of 
the locally free sheaf RomaiW, i?«7r,f}x^^(0) VK on 5. Define 

CT^ := (*i ® (7r*ds)-i) A • • • A (*^^ ® (7r*ds)~i) 

if HomG(I^,i?%*c^x/s(e)) 7^ 0. We set a^ :- U^f^) if HomG(W^,i?%,c<;x/5(0) = 
0. Then ct^ generates det(HomG(VF, i?'^7r,cjx/s(0) ® W) on S. 

6.2. Semistable reduction. Let T be the unit disc in C. For < e < 1, we set 

r(e) := {t e T; \t\ < e} and T° := T \ {0}. By the semistable reduction theorem 
[17, Chap. II], there is a diagram 

{Y,Yo) -^^ {XxsT,Xo) -^^^ {X,Xo) 

(r,o) — ^ (r,o) — ^^ {s,o) 

such that Yo — /^^(O) is a reduced normal crossing divisor. Here /i: (T, 0) — > (5, 0) 
is given by /i(t) = i"^ for some i^ G Z>o and r: F -^ X Xs T is a projective 
resolution. Set F = prj^ o r: Y ^ X. Since {F*^, hp*^ :— F*h^) is Nakano semi- 
positive, we may assume by Lemma 5.2 that i?'^/,i7y^^(i^*^) is a free OT-module. 
Since /|y\Yo : Y \Yo ^ T° is G-equivariant, i?''/,fiy+\i^*^)|T° is a G-equivariant 
holomorphic vector bundle on T°. 

Lemma 6.1. The G-action on R'^f^^rty {P*0\t° extends to a holomorphic G- 
action on i?«/*^y^\^*0- 

Proof Let p' : Z' — )■ X Xg T be a G-equivariant resolution and set vj' := prj o p' 
and 77' := pr^ op'. By the G-equivariance of ro': Z' -^ T, R'^vu^n'^Vin'*^) is a G- 
equivariant holomorphic vector bundle on T. Since Y is birational to Z' , we get an 



SINGULARITIES AND ANALYTIC TORSION 17 

isomorphism i?V*^y^^(^*C) ^ i?«n7^riJ+\iT'*^) of holomorphic vector bundles 
on T by [28, Th. 6.9 (i)], whieh induees the desired G-action on W J ^n'^+^ {F* £) . D 

6.3. Estimate for the L^-metric for the semistable family. We write t for 
the coordinate of T = Z\ centered at 0. Set kt ~ idt A dt, which is a Kahler form 
onT. By [23, Sect. 4.1], 

ky '■— F* Kx + i f*KT 
is a C°° (1, l)-form on Y, which is a Kahler form only on F \ Yo- To get an es- 
timate of the L^-metric on R'^f^ujY/T{F*0 '^ith respect to the degenerate Kahler 
form Ky, we need an analogue of Theorem 5.1 for the Nakano semi-positive vec- 
tor bundle {F*^,F*h^) on {Y,ky). Such an extension of Theorem 5.1 was given 
by Mourougane-Takayama [23, Prop. 4.4]. However, we can not apply it to our 
situation at one for the following reason: Set 

S:^Smg{XxsT), U := {X Xs T)\ S. 

We may assume by [17, Chap. II] that r: Y \ r^^{U) -^ U is an isomorphism and 
that r~^{S) C io is a normal crossing divisor. However, it is not clear from the 
construction in [17, Chap. II] ifr:y — >■ XxgTisa composite of blowing-ups 
with non-singular centers disjoint from U. Since this condition is essential in the 
construction of a sequence of Kahler forms on Y approximating ky (cf. [23, Proof 
of Prop. 4.4 Step 1]), we can not apply the arguments in [23, Prop. 4.4] to the bundle 
{F*^, ^F*?) on (Y, Ky) at once. In stead of applying it to (Y, Ky), we apply it to a 
manifold Z dominating Y, whose construction is as follows. 

By [4, Th. 13.2], there exists a resolution of the singularity r' : W ^ X Xs T, 
which is a composite of blowing-ups with non-singular centers disjoint from U. We 
apply [1, Lemma 1.3.1] by setting Xi — W and X2 —Y. As a result, there exist a 
projective resolution p: Z ^ X Xs T and a birational morphism ip: Z ^ Y such 
that /9 is a composite of blowing-ups with non-singular centers disjoint from U and 
p = roip. In particular, Z \ p~'^{S) = F \ r~'^{E) = U and Zq ^ f^^iYo) is a 
normal crossing divisor . We set w := pr2 op: Z ^ T and 77 := pr^^ op: Z ^f X. 

Regarding X X5 T as a hypersurface of X x T, we get on Y (cf. [23, Sect. 4.1]) 

Ky = r*{Kx + kt). 

Similarly, kz '■= p*{i^x + ht) is a degenerate Kahler form on Z with kz = ^*ky- 
Since Z is obtained from X x 5 T by a composite of blowing-ups with non-singular 
centers, we deduce from e.g. [12, Prop. 12.4], [23, Proof of Prop. 4.4 Step 1] the 
existence of a sequence of Kahler forms {Kz^k\k>i on Z such that Kz^k — i^z on 
Z \ w~'^{T{\)). (In fact, we can assume [Kz,k]\z\ZQ = [k-zWzxzo for fc > 1 by an 
appropriate construction of Kz^k- See Sect. 9.1 below.) 

Proposition 6.2. For every 8 G 77''(y, ily^^(F*^)), there exists a holomorphic 
differential form 9 e H"{Y, f7^+^"''(F*0) such that 

e\Y\Yo = [0A 4]Iy\Yo e H^Y \ Yo, n^+\F*o), A f*dt - 0. 

Proof. Since tp^^{Y) = Z, we get ip*e G 77«(Z, r2j+\77*C)). By Theorem 5.1 
applied to the Nakano semi-positive vector bundle (77*^, n*h^) on the Kahler mani- 
fold (Z, Kz^k), there exists a holomorphic differential form O^ G F[^{Z, Q^ ^'^(77*^)) 
such that 

(6.1) ip*e=[9kAK%,^], {zu*ds)A9k = 0. 



18 KEN-ICHI YOSHIKAWA 

Let W C r be an open subset such that W C T \T{j) for all fc > 1. Since 
Kz,k ~ Kz on Z \ w^^{T{^j), we get Kz,k — ^z on zu^^{W) for all fc > 1. By 
[23, Proof of Prop. 4.4 Step 3], the equality Kz,fc|ro-i(w) = '«z,;|ro-i(w) implies that 
^fclra-i(w) = ^/|ro-i(W) a-iid hence 9k — Oi for all fc, / > 1. We set 6^0 '■= Ok- Then 

(6.2) ip*e=[e^AKlJ, (tu*rfs) A 0eo - 

for all fc > 1 by (6.1). Since Kz,k — kz on Z \ zu^^{T{^)), we get the equality of 
cohomology classes 

(6-3) </'*0|zw-i(T(i)) = [^00 A K|]|z\ti7-i(T(i)) 

for all fc > 1. Since fc > 1 is arbitrary, we get by (6.3) 

(6.4) ^*e\z\Zo - [^00 A 4]U\z„, Zo :- m-\0). 

(In fact, ip*e ^ [e^ A K%\. See Sect. 9.2 below.) 

Since if.Z^Y induces an isomorphism between Z \ p^^(S) and Y \ r^^(Z'), 
we get {Lp-^)*eoo e H"{Y \ ro,^y^^"''(i^*0)- Let wy be a Kahler form on Y. 
Since 6^0 A 6^0 A (p*ijjy is a C°° top form on Z, we get {^^^)*Ocx, e -^k>c(^)- ^"^ 
particular, (v?~^)*^oo extends to a holomorphic differential form on Y . Hence there 
exists d G 7?0(y,f7y+^"''(i^*$)) such that ((/?-i)*6'oo = Q\Y\Ya- Since k^ = lp*ky, 
we get 

0ln>-o = (^~')V*0|z\z„ = (^"')*[eco a4]|^\z„ = [0A4]|y\y„. 

Since zu ^ f o (p and hence ((p~^)*ci7* — /*, we get {f*ds) A = by the relation 
{zu*ds) A Ooo — 0. This completes the proof. D 

In fact, we get Q —[9 A Hy] in Proposition 6.2. See Sect. 9.2. 

Let {61, . . . , e^^} be a basis of HomG(VF, i?«/*^F"^^(^*0) ®W as & free Ot- 
module. Shrinking T if necessary, we may assume O^ e iy(y, ily^^(F*^)). By 
Proposition 6.2, there exist holomorphic differential forms 6^ G H^{Y^ ^^ {F*C)) 
and S„ e iJ"(y \ Fo, ^^7^(^*0) such that 

(6.5) e„|y\y„ = [e^An\.]\Y\Y,eH^{Y\Y^,Q'^+\F*i)), 

(6.6) 0„|y\y„=S„Ardt. 
For teT°,we set 

H„^(t) := (e„ (rdi)-'|F,,e^ ® (rdt)-VjL- 

Then H{t) = {H^fj{t)) is a positive-definite r^ x r^-Hermitian matrix. Set Ky^ := 
Kyjy^ for t E T°. Since S^ A KylYt is the harmonic representative of its class 
[Sa A Ky]|yt with respect to the metrics Ky^, hp^-^ly^, we get for all t Cz T° 

i/„^(i) = ([S„A4]|y,,[S^A4]|yJi2= / z("-'')';if.5(S„AS^)|y, A«:« 



fj^-) - Kl^a '\i-^Y\\Yt,[^l3 '\i^Y\\Yt)L-^ - i- - /iF*e V^a /\ ^/3; l^t /\ ^-y^ • 

Here hp*^{EaAEp) is defined as follows: Let {ei, . . . , e^} be a local frame of i^*^ and 
let {ej^, ... , e^} be its dual frame of F*^^. We can express locally S^ — ^- Eas'^ei 
and hp*^ = Xli 7 ^ij^l ® ^T ; where S^^i is a local holomorphic section of ^y/T ^^'^ 

hj^ is a local C°° function. We define 

''J 

hp^^iEa, AEfj) ■.= J2KjEa,,^AEf3^, G C°°{Y\Ya,nl.^^Anl-^T). 
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Then hp'd^a A S^)|y, - /if-?(So|f, A S^|yJ £ A^;" for all t e T°. 

Lemma 6.3. One has H^j^{t) G ®^=Qi}-Og\t\)''^ C°" [T] , so that there exist con- 
stants a^p.„^ e C with 

n 

H„-p{t) - E ««/^;™ (log 1^1')" + O (I^Klog |t|)") (t ^ 0). 

m— 

/n particular, dot -ff (t) G ®m=o(l'-'S N)"' C°°{T) and there exist constants Cm G R-; 
< TO < nr^ wif/i 

det i/(t) - ^ c™ (log |t|2)™ + O (|t|(log |t|)"'-- j {t ^ 0). 

rTi— 

Proof. By (6.6), we get on F \ Fq 

(6.7) 

f*{idt A df) A {i("-9)^/,^.^(5^ /\ 2^) ^ ^9^1 ^ z("-9+i)'/i^.^(6»„ A 6I/3) A Kf,. 

Let {VaJasA be an open covering of Y with ^^A < +00 such that there is a 
system of coordinates (2:0, . . . , Zn) on V\ with /|va(^) = -^o ■ " ' ^^fe. Here k depends 
on A G A. Let {g\}xeA be a partition of unity subject to the covering {VaJagA- 
On Va, wc define 



r := — /^(— l)"* Zj dzQ A • • • A dzj-i A dzj+i A • • • A dzfe A dzk+i A • • • A (iz„. 

Then ■K*{dt/t) A r = dzo A • • • A dzn on Va- Since 0a and 9 13 are holoniorphic 
n — 9 + 1-forms on Y and since ky G Ay , there exists B^^ {z) G C|J° (Va ) such that 



gx{z)hF'^{Oa A 6/3) A Ky |va = B^p{z) dzo A • • • A (iz„ A dzo A ■ • • A (iz„ 

= i-irB^^iz) (^-^^ A (^-^) A ridt A di)- 

Comparing (6.7) and (6.8), we get 

(6.9) 

*("-«)%A(^)/if*c(S„AS^)|y,A4^ = |t|-2 f z("-«)'i?„^(z)TAr. 

VtnVA "''nnVA 

Since T/f*t = i E!' n(-l)^"^ — A • • • A ^^^^^ A ^^^±1 a ... A ^ A dz^+i A . • . A dz„ 
has only logarithmic singularities, there exists by (6.9) a constant Cq > such that 



(6.10) 



gx{z)hp*^{^a A ^i3)\Yt A k|, 
i'tnVA 



2\k 



<Co{~\og\t\') 



for all i G T°. On the other hand, we deduce from [2, p. 166 Th. 4bis.] that 
f.iB^p r A r) G C°^{T) © ©^^^^^ |<|2(log |t|)™ C°^{T) is of the following form 

(6.11) 

^(«-)^ S„^(z) r A r =. al^) + b^^ t + ^^ i+ j^ a^^^JV^ |iP(log 1*^™ 
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as f ^ 0, where a i, b i, c I are constants and a I (t) £ C°°(T). Comparing 

(6.9), (6.10), (6.11), we get a^j = foj^ = '^S = ^ ^"^^ 

(6.12) 

/ ^("-^)^ eA(^)/.F.e(S„ A S,)|^, A 4^ = ^ ai^).„(i) (log 1^^™. 

Since /4eA/iF*«(So AS^) A 4) G e:^^o(log |i|)"C-(r) by (6.12), we get 

n 

Ho^-pit) = E *^"~'^'/*(^A /^^*«(s- A S^) A 4) e (log liD" C°°(T). 

AeA in=0 

This completes the proof. D 

Lemma 6.4. There exists C > smc/i t/iat i/ie following inequality holds for all 
u^ {ui,. . . ,Uri ) e Cw and t eT°: 

\\Y,u^Q^®{f*dt)-^\YA\l.>C\u\\ 

a 

In particular, the following inequality holds for all t E T" 

det H{t) >C"'^. 

Proof By [28, Th. 6.9 (i)], {((/?*ei) O {w* dt)''^ , . . . ,(</?*©r^) <» (G7*dt)-i} is a 
basis of the free OT-module KomaiW, R'^w^.(jJz/T{'f* F*0) '^ ^ ■ Since Qa\Y\Ya = 
[S„ A 4 A (/*(it)] by (6.5), (6.6), we get ^p*Qc\z\Zo = W^c.) A 4 A (n7*dt)]. 

Since p:Z— ^Xx^S'lsa composite of blowing-ups with non-singular centers 
disjoint from U and hence satisfies [23, Sect. 2.3 (1), (2)], there is a constant Co > 
by [23, Lemmas 4.7 and 4.8] such that for aU u = iua) € Cw and t G T°, 

||Eu„((^*S„) A4|zj|i2 = \\J2'^c,f*^a\Zt\\l2 > Co\uf. 
a a 

Since Kz — (f'^ny and hence 

||E«„e„®(rdt)-i|yJ|i. = |lE^.„S„A4|yJli. = |lEu„(^*S„)A4|zJli., 

we get the first inequality. Since *vH(t)v > Co||w|P for all v G Cw and t E T° 
by the first inequality, the smallest eigenvalue of H{t) is greater than or equal to 

Co > 0, which implies det H{t) > Cg"' . D 

Proposition 6.5. There exist an integer i/"^ G Z>o and a constant c^ G R such 
that as i — > 0; 

logdetif(t) = i.^log(-log|i|2)+c«^ + 0(l/log|t|). 

Proof. By the second statement of Lemma 6.4, there exists non-zero Cm in Lemma 6.3. 
Let CAr(log |t|)^ be the leading term of the expansion of det H{t). Namely, c^v 7^ 
and Cm = for m > iV in Lemma 6.3. Then we get by Lemma 6.3 

det H{t) = CN(log |f 1)^ (1 + (1/ log |t|)) (t ^ 0). 

The result follows from this estimate. D 
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Proposition 6.6. Let q e T{T,RiJ^ujy/t{F*S,))- Then Ri J^ujy/t{F*Ci/Ot<. is a 
free Ot -module near t = if and only if 

log||,(t)|U2^0(log(-log|t|)) (t^O). 

In particular, t G T{T°, R"^ f^,tUY/T{F*0) extends to a holomorphic section defined 
on T if and only if there exists e S Z>o with 

log \\Tit)\\L2 - e log \t\ + O (log(- log m {t ^ 0). 

Proof Set Iq := hi(Yt,ujY^{F*^)). If R^ f^,ujY/T{F*i,)/OT<; is free around t = 0, 
then there is a basis {Gi,... ,9;,} of i?«/*f^^+\F*^) around t = with q = 
6i ® if*dt)-\ The desired estimate C < Mt)\\L^ < C(- log |i|)"'' for aU t e T° 
follows from (6.11) and Lemma 6.4 after shrinking T if necessary. 

Assume log ||(;(t)||i2 = O (log(- log |i|)) as i -^ 0. Let {9i,... , 9; J be a ba- 
sis of i?«/*fi^+\F*C) on T{e) for some e > 0. 9n T{e), we can express q(t) = 
EaCa(t)9a ® (/*dt)-i|y,, whcrc c„ (i) e 0(^(6)). Let f G Z>o be such that 
^(t)/r G 0(T(e)) and e,{t)/f'+'^ ^ ^(^(e)). There is a basis {9i,... , 9^ J of 
i?9/*f^y+^(^*0 with 9'i ® {f*dt)-^ = t-^qit). Since C < ||9i ® (/*dt)-i|yj|i2 < 
C(-log|t|)"'' by (6.11) and Lemma 6.4, log ||<r(i)||L2 == -i/log |t| + 0(log(- log |i|)) 
as i ^ 0. Since log ||<r(i)||i;,2 — O (log(— log |t|)) as t — ^ by assumption, we get 
iy = Q. Hence c; = e[ (g) {f*dt)-^ is a part of a basis of i?«/*r2^+\F*0. D 

6.4. Comparison of the i^-metrics. We recall the following result of Mourougane- 
Takayama. 

Proposition 6.7. There is a natural injection 

(6.13) ^ : R^f^iOY/AF^O ^ l^*R''7r,cJx/s{0 

with the following properties: 

(1) fi* R'^Tr^.LOx/siO/^iTl'^ f*'-^Y/T{F*£,)) is a torsion sheaf on T supported at 0. 

(2) (p preserves the L'^ -metrics, i.e.. 

Here ft.R97r.a;x/s(C) ('^'^^P- hmf,ojYfT{F'£,)) ^^ ^^^ L'^-nietric on R^Tr^ojx/siO (resp. 
R'i f^^WY/riF* i)) with respect to kx, h^ (resp. ky , F*h^). 

Proof. See [23, Lemmas 3.3 and 4.2]. D 

We remark that since </?|t° is G-equivariant and (p is defined on T, (p is G- 
equi variant on T. 

Let mo = t Ot C Ot be the ideal sheaf of G T. For q>0 and VK G G, we set 

HomG(T4^, fi*R'JTT,LJx/s{0) ^ W 
HomG(l^, Rif^ujY/T{F*0) ® W 
Theorem 6.8. By choosing the basis {^i, . . . , ^^9 } and {9i, . . . , 9^9 } appropri- 
ately, there exist integers ei, . . . , e^? > such that the r^ x r^,-Hermitian matrix 
G{s) :— {{^a ® {Tr*ds)^^\x^,'^ p ® {Tr*ds)^^\x^)L^) is expressed as follows. ■ 



(6.14) SI := dimo,/„,„ „_^,„, „, , „/F.^^^^w ^ 2>o. 



G{fi{t)) = D{t) ■ H{t) ■ D{t), D{t) = diag(t-'=S . . . ,^-^"9). 

In particular, as s — > 0, 

log||a^(5)|li2 = -^log|sp + ^^log(-log|,sn+cV + 0(l/log|s|) 
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Proof. By choosing the basis {^q} and {6q} suitably, there exists by Proposi 

W 



tion 6.7 (1) an integer Ca G Z>o for all 1 < a < r^ such that the following equality 



holds on T: 

Then we get 
(6.15) 

= /^fl<!7r.a;^/s(?)(*« ® (7r*ds)-\ */3 ® (7r*ds)-l) (^(t)) 






t-^'-r^'^/j^,,. (^)(^(e„ ® (/*dt)-i),^(e^ ® (rdt)-i))(/i(t)) 



= t-^-r^V>*/ii?...c.^/s(«)(e« ® (/*dt)-\ e^ ® (/*cit)-i)(t) 

where the fifth equality follows from Proposition 6.7(2). This proves the first 
equality of Proposition 6.8. Since 

(6.16) 

^ e„ - diniowmo 0T*. «) {TT*ds)-'/OTv{Qo. «- (,/*dt)"') 

a a 

- dimo,/n.„ jjomG(W-, R''f.ojY/s{F*0) ® W- " ^' 

we get by (6.15), (6.16) 

(6.17) det G(M(t)) = \t\-^^« det H{t). 

Since |i| = \s\~ and ||o'vi'(s)I||,2 = det G(s), the second equality of Proposition 6.8 
follows from (6.17) and Proposition 6.5. D 

We remark that one can get Theorem 6.8 by using the method of variation of 
Hodge structures when {£,,h^) is a trivial Hermtian line bundle on X [34, Sect. 2.2]. 
For an application of Theorem 6.8 to the curvature of L^-metric, see [34]. 

We define 

f ^I*R^^-,UJx/s{0 \ _ ^r-. -.xg^^r , , 

^9 \RrujY/T{F*OJ '^ ^^^ ' i-'^[9\it,'R''7r,u;x/s{i)/R''f.,'^Y/TiF'0)o\- 

Lemma 6.9. The following identity holds 



Proof. Since 



^i*R'i^:,uJx/s{C) _ ^ HomG(Vl/,^*fl%,c^x/s(C)) ® W 

Rif^ujY/T{F*0 ^^ BomoiW, Rif^ujY/TiF*0) ® W^' 
weG 
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we get 
(6.18) 
Tr [5l(M*-R'^.<^x/s(C)/«''/.'^i'/T(i^*?))o 



weG 



HomG(W^, R'i.Uu}Y/TiF*0) 



^ / RomG{W,^l*R'^^T^u;x/s{0)\ , . 

^ V- A. HoniG(W^,M*fi^^*^x/s(0) ® W- \ Xty(g) ^ V ^« Xv^Cff) 

weG weG 

from which the resuh follows. D 

6.5. Proof of Theorem 1.1. By the definition of aw, cr '■— {'^w)y^^ p is an ad- 
missible section of Ag(wx/s(0) — ^g{^x/c{£,))\s- By Theorem 4.4, we get 

(6.19) 

log h(^)\\lai^^MO).Q (-9) = %(^o,c.x/s(0) log |sp + O (1) 
as s — > 0. On the other hand, we get by Proposition 6.8 and Lemma 6.9 
(6.20) 

iog|k(s)||^^(^^^^(^))Q(5) 

= logTG(X„a;x,(C.))(5)+ E (-1)'|^ ^^S H^v^^^)"'^ 

q>0,lVeG 
= logTG(X„Wx.(^,))(.g) + 

= logTG(X„c^x.(6))(.9) - ^L5(M*i?7r,c^x/s(e)/i?.f*^y/T(i^*e)) log|sp 

g, W q,W \ o 

Comparing (6.19) and (6.20), we get 

(6.21) 

log TG (X„ wx.(6))(5) = /^s log |sp + i.g log(- log Isp) + Cg + 0(1/ log |s|) 

as s -^ 0, where we used the following notation in (6.21) 
(6.22) 

/3g := ag{Xo,ojx/siO) + i^^a {lJi*R^.u:x,s{OI Rf*^Y/T{F*e)) , 
:=E,>o ^,g(-l)''+^Xi^(3)^^/dimW^, 
:=E,>o ^,g(-l)''+^Xi^(3)c^/dimW^. 



V, 



a 



^g 



This completes the proof. D 
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Corollary 6.10. Let {E,hE) be a holomorphic Hermitian vector bundle on X. If 
{E, He) is semi-negative in the dual Nakano sense on X , then as s — > 

(-!)"+! \0gTG{Xs,Es){g) - fig log |s|2 + Vg l0g(- log Isp) +Cg+ 0(1/ log \s\). 

Here jSg, Vg, Cg are constants defined by the formula (6.22) by setting ^ = _E^. 

Proof. Let D^;'' denote the Laplacian acting on AK^{£) and let * be the Hodge star 
operator. Since ^D^'^*^-'^ — D^'" "^ = Dj^r /"^v-,, we get the relation 

(6.23) \ogTG{Xs,E,){g) - {-ir+HogTG{X,,uxM)){9)- 



Since (-E^, ft._Ev) is Nakano semi-positive on X, the result follows from Theorem 1.1 
and (6.23). D 

Corollary 6.11. If {^,h^) is Nakano semi-positive on X and if Xq is a reduced 
normal crossing divisor of X , then as s — !> 

\ogTG{X,,u:xAis)){g) = ag{Xo,u:x/s{£,))^og\s\^+i^g^og{-^og\s?)+Cg+0{—-^). 

Proof. We get 'Lglp* Rtt^uj x/ sH) / Rf*^Y /t{F* S,)) = in Theorem 1.1, since tt: X — > 
S' is a scmistable degeneration. The result follows from Theorem 1.1. D 

7. (Log-)Canonical singularities and analytic torsion 

7.1. (Log-) Canonical singularities. Let V be an n-dimcnsional normal projec- 
tive variety with locally free dualizing sheaf wy. Set VJ-cg := V \ SingV and let 
i: Vrog ^-> y be the inclusion. Then wy = i*f2y . The zero divisor of a holomor- 
phic section of toy is called a canonical divisor of V and is denoted by Ky- Then 
V has only canonical (resp. log- canonical) singularities if there exist a resolution 
ip: V ^fV and an (^-exceptional normal crossing divisor E = X^ig/ cLiEi dV such 
that K~ = ip*Kv + E and a^ > (resp. a^ > —1) for all i G I. Here Ei are 
irreducible and reduced divisors of V . If V has only canonical singularities, then 
ifi* : H'^{V,u!v) — ^ H'^{V,lo~) is an isomorphism. In particular, every element of 
H'^{V,ujv) is square integrable with respect to any Hermitian metric on VJ-og. 

Let 11^ be a smooth projective manifold and let D C M^ be a divisor. A birational 
morphism ip: W -^ W between smooth projective manifolds is called an embedded 
resolution of D if i^ is an isomorphism between W\ip^^ {Sing D) and VF\Sing_D such 
that D, the proper transform of D, is smooth. The pair {W, D) has only canonical 
(resp. log-canonical) singularities if there exist an embedded resolution p: W -^ W 
of D and an (/3-exceptional normal crossing divisor E — X^ie/ ai Ei d W such that 
(p~^{D) is a normal crossing divisor and such that K~ -\- D = ip*{K]^ -{- D) + E 
with Oj > (resp. a^ > — 1) for all i € I. If £) is a reduced normal crossing divisor 
of W, then the pair {W,D) has only log-canonical singularities. 

If Xq is reduced and normal and has only canonical (resp. log-canonical) singu- 
larities, then the pair {X, Xq) has only canonical (resp. log-canonical) singularities 
by [27], [20, Th. 7.9] (resp. [20, Th.7.5]). By [20, Cor. 11.13], the condition that 
Xq has only canonical singularities is equivalent to the one that Xq has only ra- 
tional singularities since Xq is reduced and normal. We refer to e.g. [20] and the 
references therein for more about related notions of singularities. 
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7.2. Integration along fibers and (log-) canonical singularities. Let g G 

^n+i,«+i ^^j ^ ^ a;^+1'". Write Q = 7r*(ds A ds) A R and x = (7r*ds) A K, where 
i? e C°^(X \ SingXo,f7^/g A nf^) and K e C°°{X \ SingXo, fl^/s A ^^^)- 
Define 7^(s) e C°°(5°) and /C(s) S C'^CS'") as 



7^(s):- / i?U^, /CGs):= / K\x,, 

Jx^ JXs 

so that TT* (g) = 7^(s) rfs A ds and tt* (x) = /C(s) ds. 

Lemma 7.1. Assume that Xq is a reduced divisor of X. 

(1) // the pair {X , Xq) has only canonical singularities, then TZ{s), /C(s) G B{S) 
and n{0) ^ /(^^)^^,^ Rl^XoU^, /C(0) = J^^^,^^^ if l(Xo)„,. 

(2) // t/ie pair (X^Xq) has only log-canonical singularities, then there exists 
C> such that \TZ{s)\ < C(-log|s|)". 

Proof. Step 1 Since the pair {X,Xo) has only canonical (resp. log-canonical) 
singularities, there exist an embedded resolution tp: Z — > X oi Xq and an (p- 
exceptional normal crossing divisor E C Z such that Kz + Xq = tp* {Kx + ^o) + E, 
E = X^iG/ o-iDi- Here X^ C 2^ is the proper transform of Xq, Di are irreducible and 
reduced divisors of Z and a^ > (resp. a^ > —1) for alH G /. We may assume that 
Zq := ip^^(Xo) is a normal crossing divisor of Z with Xq UE C Zq. Set tt' := tto ip. 
Then Zo = (7r')"H0) and Zs := (7r')"Hs) = ^s for s G 5°. 

Let V C X be an open subset, on which there is a nowhere vanishing holomorphic 
n + 1-form Q. By an argument using partition of unity, it suffices to prove the 
assertion when g and x are supported in V. In what follows, we assume supp g <zV 
and suppx C V. 

Let p G ^0 n (p^^{V). Since Xq is a reduced divisor of X, there is a coordinate 
neighborhood {U, {zq, • • • , z„)) centered at p satisfying ip{U) C V and one of the 
following (a), (b): Write 'k'\ij{z) = z^° ■ ■ ■ zj^", e^ G Z>o. 

(a) IfpGXo, thcnZ^nt/ = {z G t/; zqzJ^i • • • z^" = s} and XoHf/ = {zq = 0}. 

(b) If p Xo, then Z^nt/ = {z G t/; z^^zl^ •••<"= s}, eg > and XoHC/ = 0. 
Since eg = 1 in case (a), we get the following expression on U: 



(7.1) 






Step 2 Since <d/TT*s G i/°(V, WA'(-'fo)), </'*(6/7r*s) is a meromorphic canonical 
form on Z n (p^^{V) with at most logarithmic pole along Xq n (p^^iy) (resp. Zq fl 
ip^^lV)) by the assumption X^ + Xq ~ ip*{Kx + Xq) + J2iei ^i^^ii a^ > (resp. 
Oi > —1). Hence we get the following expression on U 

(7.2) 

/ \ f "(■^) ^ A dzi A • • • A dz„ if peXaHU, (X, Xq) is C, 

^*(^)^\ Hz) dzQ A ■ ■ ■ A dz„ if p^XonU, iX,XQ)isC, 

[ a'{z)^A---A^ if pGZont/, (A:',Xo) isLC, 
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where a{z) , b{z) , a' (z) G 0{U). Here we wrote C (resp. LC) for canonical (resp. 
log-canonical). Let S G r(V \ Xq, ^^/s) ^'^ such that 8 = S A TT*ds. Since 

(7.3) ip*{Q/TT*s)^(p*EA{TT'y(ds/s), 

(f*'E. is expressed as follows on U \ Zq by (7.1), (7.2), (7.3): 

(7.4) 

a{z) dzi A ■ ■ ■ A dzn mod (7r')*rfs if peXoDU, (A:',Xo)isC, 

(p*S=<( ^b{z) dzi A ■ ■ ■ A dzn mod {n')*ds if pi^XoHU, (A:',Xo)isC, 

a'(z) ^ A • • • A ^ mod (7r')*ds if p G Zo H L/, {X, Xq) is LC. 

If (XjXq) has only canonical singularities, then we set c{z) :— a(z) in case (a) and 
c{z) :— Z()b{z)/eQ in case (b). If (X^Xq) has only log-canonical singularities, then 
we set c{z) := a'{z). We always have c{z) G 0{U). 
By (7.4), we get for ah F G C^{U) and s G 5° 



Fip*{^A^)\z,nU ^ / i^(2;) |c(z)pdzi A • • • A dz„ A dzi A • • • Adz„. 

Step 3 In Steps 3,4, we assume that [X^Xq) has only canonical singularities. 
Since the integrand is a C°° (n, ri)-form on U, we get by [2, Th. 1] 

(7.5) 



lim / Fip*{EAE)= F{z)\c{z)\'^ dzi A ■ ■ ■ A dz^ A dzi A ■ ■ ■ A dz„ 

Jzonu 



F{z) \c{z)\ dzi A- ■■ A dzn A dzi A ■ ■ ■ A dzn 
Xanu 



f F^*{EAE). 

JXnnU 



'Xonu 

Here we get the second equality as follows. In case (a), {Zo\Xo)r\U is defined locally 
by the equation z^^ ••• 2;fj" =0. Hence one of dzi, .. . , (iz;^ vanishes on (Zo\Xo)nt/, 
which implies the second equality of (7.5). In case (b), let x G {Zq \ Xq) H U. Then 
one of Zq, . . . , Zn vanishes on a neighborhood 14^ of a; in (Zq \ Xq) CiU. li zq\w = 0, 
then Ci\w = (zofoi/eo)|w = 0. If Zj\w = for some j > 0, then dzj\w = 0. Since 
(Zq \ Xq) CiU is covered by these W, we get 

/ _ F{z) |c(z)p dzi A • ■ • A dzn Adzi A- ■ ■ A dz„ = 0. 

J(Zo\Xo)nu 

Step 4 Let {Ua}aeA be a covering of 7r^^(V) with ^A < oo such that on [/„, 
there is a system of coordinates satisfying (a) or (b) as in Step 2. Let {xa}a£A be 
a partition of unity subject to the covering {Ua}aizA- 

Since g G A^ '" and x G ^a" " have compact support in V, there exist 
m G C°°(V) and B G AJ^'' with suppB C V such that 

£»= (-l)"meAe = 7r*(dsAds)AmSAE, x= (-l)"eAB = (7r*ds)ASAS. 
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Since vr*^ = 7r*(r7iSAS) dsAds and 7r,x — 7r*(SAi3) ds, we get TZ{s) — ^^.^,(m'E.A'E.) 
and /C(s) = 7r*(S A i?). Since 

(7.6) 



s->0 s^O 



Xa '^"^.^^"'^.nt/, 



lini y / 



linl7^(s) = lini / (m^ A ^)|;!f^ = lini V / XaV*i'm'E- A ^)\z,nu, 



aeA' 



mSAS|(x„)„^-7e(0) 



by (7.5), we get nis) e C"(5) by (7.6). Since \s\^n{s) G S(S') by [31, Lemma 9.2], 
we get nis) e C°{S) n \s\-^B{S) = 3(8). 

Let B G A^" with suppB C B. Since B A 7r*ds ^ hQ with some /i G C^f (V), 
we get B = /i S mod 7r*ds. Since E A B = hE AE mod 7r*(is with /i G Cg° (V) and 
hence JC{s) = J^ hE A E\x^ , we get by (7.6) 

(7.7) lim/C(s)= / E A BUxo. ^ IC{0) 



s^O 



(Xo), 



and /C(s) G B(5). This proves (1). 

Step 5 Assume that {X,Xq) has only log-canonical singularities. By (7.4), there 

exists a constant C > such that 



/ Fip*{EAE) <C f 
Jz.nu Jz 

<C{-\og\s 



dzi dzn dzi dZn 

zeU, z^^---z'^"-=s ^1 ^n Zi Zji 



This, together with the equality U{s) = J2aeA Iz.nUa, ^" V*i.'m^ A :i)\z^nUc,i im- 
plies the desired estimate |7?.(s)| < C {— log |s|)". This proves (2). D 

7.3. The case of canonical singularities. We assume that X^ is reduced and 
the pair (X^Xq) has only canonical singularities. Set Iq := h'^(Xs,Q,'^ (CJ))- 

Theorem 7.2. The L^ metric on R'^^^■^,uJx/siO\s° extends to a continuous Her- 
mitian metric of class B{S) on R'^'^*i-Jx/s{0\s ./"'^ '^^^ 9 > 0. 

Proof. After shrinking 5* if necessary, we get by Lemma 5.2 sections ^i, . . . , ^; G 

H'J{X,n';+\^)) such that i?97r,f7J+i(e)|s - Cs*i © • • • © Os*;,- We set 

(7.8) g„^(s) -.^ {■^a (S) {TT*ds)-^\x,,-i'p (E) {TT*ds)-^\xjL^ 

for s G 5"°. Then g^^ G C^iS") and det(g„^) > on S°. It suffices to prove that 
9ap '= '^('5') and det(g„^) > on S". 

There exist Va e H"{X,n'^-'^+\^)) and S„ G H"{X \ SingXo, f7^/«(0) by 
Theorem 5.1 such that 

*« = [ipa A K%.], '0aU\SingXo = ^q A n*ds. 

In H'^{X \ X^),UJx/s{€})^ ^'^ S"^* the equality 

(7.9) '^a®{T^*dsy^ = [EaAn%], a^l,...,lg 
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under the canonical identification LOx/siO\x\Xo = ^x/s(0\x\Xo- Since Sq is 
holomorphic and hence S^ Ak^ jjsf^ is the harmonic representative of the cohomology 
class *a ® {TT*dsy^\x, for s e 5*°, we deduce from (7.8), (7.9) that 

(7.10) 7r,(i(""«+i''/i5(V'a AV^^) Ak;^) ^ig^fj{s)dsAds. 

Since V'a G -ff°(X, rj^"'^+^(0), we see that /ij (V-a A ^) A k;^ is a C°° (n + l,n + l)- 
form on X. By Lemma 7.1 (1) and (7.10), we get 5q^(s) £ ^8(5"). 

By (6.17) and the second inequality of Lemma 6.4, there exists C > such that 

(7.11) 

det (*„ (g) (7r*ds)-iU,w,*^ ® (^*^s)"'U,(,))^, 
= Itp^^^ det (Go ® (rdi)"Vt,0/3 ® (rrfO"Vt)i2 > Clip^-'w. 
Since (5^ > 0, there exists e > such that for all s E S°, 
(7.12) 

det(5„^(s)) = det (*„ ® {TT*ds)-^\x,,-^f! ® (7r*ds)~i|jf J^, > e > 0. 

Since g^^{s) € e(^), we get det(5„^(0)) > e > by (7.12). D 

Corollary 7.3. There exist c G R, r G Q>o o,nd v G Z>o such that as s — ^ 

iog|k^(s)l!i2 = c + o(|.r(iog|.|)^). 

Proof. Since HomG(M^, i?''7r*a;j!(:/5(^)) "X) T^ C R'^'K^ujx/siO is ^ holomorphic sub- 
bundle, the result follows from Theorem 7.2. D 

Proof of Theorem 1.2 (2) By the definition of equivariant Quillen metrics, 

(7.13) 

\0gTGiXs,UJxAis))i9) 

= iogik(.)liL(..,s(0),Q(5)- E J-i)'i^i«gll-^wili- 

q>o,weG 
The result follows from (7.13), Theorem 4.4 and Corollary 7.3. D 

Corollary 7.4. // Xq is reduced, normal and has only canonical singularities and 
if (^, h^) is semi-negative in the dual Nakano sense on X , then there exist c G C, 
T G Q>07 I G Z>o such that as s — ^ 

logTG(X„6)(.g) = (-l)"+^a,(Xo,C)log|s|2 + c+0(|sr-(log|s|)'). 

Proof. Since (^^, /i^v) is Nakano semi-positive on X , the result follows from Theo- 
rem 1.2 (2) and (6.23). D 

7.4. The case of log-canonical singularities. We assume that Xq is reduced 
and the pair {X,X{)) has only log-canonical singularities. As before, we set Iq = 

hi{Xs,n^xMs))- 

Lemma 7.5. As s ^^ Q 

log det (*„ «) (7r*ds)^V,,*/3 ® {-K*ds)-^\x,)^:, = O (log(- log \s\)) . 
In particular, as s — ^ 0, 

log||a?^(t)lli. =0(log(-log|s|)). 
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Proof. Recall that gap{s) was defined by (7.8). By (7.10) and the smoothness of 
the top form h^ijpa A V'a) A k^, we get the following estimate by Lemma 7.1 (2) 

(7.14) \g^-^{s)\<C{-\og\s\'r. 

The result follows from (7.12) and (7.14). D 

Proof of Theorem 1.2 (1) By Proposition 6.8, Lemmas 6.9 and 7.5, we get 
Lg (n* RTT^iUx/siO/ R.f*^Y/TiF*0) = 0- The resuh follows from Theorem 1.1. D 

8. Examples and questions 

Example 8.1. Recall that /3g was defined in (6.22). We give examples of one- 
parameter families with ag(Xo,ujx/s) ¥" Pg- Assume G = {1} and write a, j3 for 
a{i}(Xo,u;x/s), /3{i}; respectively. We set C := P^. The inhomogeneous coordi- 
nate of C is denoted by s = si/so. For d e Z>o, set 

(8.1) X' := {{[x],.s)e P"+^ xC;x', + ---+xt-s 4+^ = 0} 

and let ij.: X ^ X' he a, projective resolution of the singularities of X' . We set 
TT :— pr2|A'' o fi. Then the family n: X ~^ C is smooth over C \ {0,cxd}. Let 
(C"+^, (zo, • • • ,Zn)) be the inhomogeneous coordinates of P"+i defined by Zi — 
Xi/xn+i- Since Afn(C"+^ x C) is the graph of the holomorphic function Zq + - ■ ■ + z'^ 
from C"+^ to C, we may regard C"^^ as a coordinate neighborhood of X such that 
7r(z) = Zq + - ■ ■ + z'^. Then Xq has a unique singular point at p := ((0 : • • • : : 1), 0) 
and Oxo.p = C{zo, . . . , Zn}/{z^ + ■■■ + z^). We set S := {s e C; \s\ < 1}. Then 
A n 5 = {0}. We compute a and /3. 

By (8.1), we regard Xg C P"+i for s ^ oo. Since the ideal sheaf Xjsf^ of X^ in 
pn+i jg isomorphic to C'pn+i(— d) and hence 

ujx^ = wpr.+i (g) A^'jf^/pn+ilx^ = C'pr.+i(rf - n - 2)|x^ 
by the adjunction formula, we get for all s G S* and (7 > 
(8.2) 

r H"(P"+i,Op„+i(rf-n-2)) (g-0), 
i/«(X„c^xJ- < (0<g<n), 

[ i/"+i(P"+i,fip„+i) = C (9 = n). 

By (8.2), the L^-metric on R'i'K^,ujxic\s is smooth on 5* for g > 0, i.e., 
(8.3) log||a«(s)|U2=0(l) (g>0). 

By the relative Serre duality, 'k^u^xjc — (pr2)*'^(P"+ixC)/c('^)7 where the isomor- 
phism is induced by the long exact sequence of direct images associated to the 
following short exact sequence of sheaves on P"+i x C 

> W(p,.+ixC)/C ^ ^(P" + ixC)/c('^) ^ ^A'/C ^ 

and by the vanishing i?'?7r,a;(p7i+i xc)/c — foi' 9 < t^ + 1. 

Set z'' := zo''---^" and |e| = ^ei. A basis of i70(P"+i, 0^tii(A:s)) = 
HO(P"+i, Op„+i (d-n-2)) is given by {z^dz^h- ■ -Kdz^Hzt^- ■ .+zi-s)}i,\<d-(n+2) 
and the corresponding basis of t^^i-^x/cIs as a free Cs-module is given by 

z'^ 
Wis) := -j^dzi A • ■ • A dz„\xJ\e\<d-(n+2)- 
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We put crO(s) := A|e|<d-(n+2) '^''W ^ dct H° {X s , ^'j^ J . Then a° gives a basis of 
the rank one Og-modulc dctTr^wx/s- We define 

V's : P"+^ 9 (zo : • • • : 2;„+i) ^ (s^zq : • • • : s^z„ : z„+i) G P"+\ 

Ti+|e|+l-d 

Since ips'- ^i ^ ^s is an isomorphism with ipluj'^{s) — s ^ '^^(l)? ^^ get 
(8.4) VV°(s) = sEm<.-(„h-.,("+I'=I+i-'^)/'^^0(i^ ^ s-(42)/'iaO(l). 

Since 



Ik Wlli^lX.) = det(y l" CJ^(s) A W^'(s))|e|,|e'|<d-(«+2) 



= det( / *" ^X(s) A^:a;-'(s))|e|,|e'|<d-(n+2) = ll^>'^(s)||i.(x,)' 
we get by (8.4) 

(8.5) logWa'^is)]]'^. ^ -^(^^'^^^loglsf +\og\\a"il)\\l.. 

Substituting (8.3) and (8.5) into the first cquahty of (6.20), we get 

By [31, Th.8.1] and (4.15), we get 

(^■^) "-(-^^""^(Jrrii'^^^-^)-!^' 

where /i(Xo,p) is the Milnor number of (Xo,p). By (8.6), (8.7), we get 

^^■^> ^^d[n + 2)- (n + 2)! ' 

In particular, if d > n + 2, we get a ^ /3 in this example. 

Let us compute (3 by using Lemma 6.9. If rf < n+1, then (5° = by (8.2). Assume 
d> n + 2. Let r : X ^' X be the blowing-up at o and set tt := r o tt : X ^ S. Then 
7r~"'^(0) = Xq + dE, where Xq is the proper transform of Xq and E = r~^{o) is the 
exceptional divisor intersecting Xq transversally. Define /i: T — > 5* by ij,{t) = f^. 
Then the singular locus of X x sT is locally isomorphic to the product of the isolated 
two-dimensional singularity {{x,y,s) € C'^; xy'^ = s'^} and C"~^. Let p: F — s- 
X Xs T he the minimal resolution and set / := prj o p. Then / : (Y, Yq) -^ {T, 0) 
is a semistable reduction of tt: {X,Xo) -^ (5*, 0). We set F :— r o pi^ op. Since 
||a;^(s)||2, = |s|2("+|e|+i-^)|ja;'=(l)||2, by the relations ^^"(s) = s^^^^^r^a;'=(l) 
and s = f^, t'^ii*Lu'^ is an element of r(r, /^.ujy/t) if and only if fc > rf — (n + 1) — |e| 
by Proposition 6.6. Hence 

(8.9) f,*{7T.,L0x/s)/f*^Y/T^ OT/m^("+^'-l^l. 

e|<d-(ri+2) 

By (8.9), (5° = (^^^2). Since ,59 = for q > by (8.2), we get (8.6) by Lemma 6.9. 

Let p: Xq -> Xq be the blowing-up at p and set E := p"^(p). By [20, (3.8.1)], 
K~ — p*Kxq + {n — d)E. Since the isolated singularity (Xo,p) is log-canonical if 
and only if d < n + 1, Eq.(8.6) is compatible with Theorem 1.2. 
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Question 8.2. If all the direct images R'^^^■^,oJx/s{0^ <Z ^ arc locally free on S, 
does Theorem 1.1 remain valid without assuming the Nakano semi-positivity of 
^? In general, what can one say about the singularity of \ogTG{Xs,ujx^{^s)){g) 
without the assumption of the Nakano semi-positivity of ^? Does the logarithmic 
divergence still hold? If it is the case, is the coefficient of log |sp expressed by the 
topological term ag{XQ,uix/siO) ^^'^ the g-action on the torsion modules ker(<y9) 
and coker((/?), where (p: R'^f^,ojY/T{F*0 ~^ IJ'*R'^t^*<^x/s{£,) is the natural map? 

Question 8.3. If ^*R''TTi,ix:x/s{i) — R''.f*^Y/T{F*£.) for all Nakano semi-positive 
vector bundles on X and for all q > 0, then is the pair {X, Xq) log-canonical? 

Question 8.4. Is the Lefschetz trace I^g{^* RTT^:iUx/s{0/ Rf*^Y/TiF*0) expressed 
by some other geometric data like the discrepancies of {X, Xq), the monodromy of 
the family tt: X -^ S etc.? 

Question 8.5. Are the coefficients i/g, Cg in Theorem 1.1 expressible in terms of some 
local or global geometric data associated to the family tt: (X, Xq) -^ {S, 0)? 

9. Appendix 

In this section, we prove some technical results. We keep the notation in Sect. 6. 

9.1. A sequence of Kahler forms on Z approximating kz- The construction 
of a sequence of Kahler forms {Kz,k} in the proof of Proposition 6.2 is as follows. 
(Although the construction of such a sequence of Kahler forms is standard, we give 
it here for the completeness reason and its use in Sect. 9.2.) Since X Xt S' is a 
hypersurface of a complex manifold X x S and since p: Z^XxsT is a composite 
of blowing-ups with non-singular centers, there is a sequence by e.g. [1, Sect. 1.2], 
[4, Th. 13.2] 

W -^ Wm-i -^ > Wi -^ X X S 

u u u u 

Z -^ Z„,-i -^ > Zi -^ XxtS 

where all Wi are smooth projective algebraic manifolds, each morphism tt^ : W^+i — > 
Wi is given by the blowing-up with non-singular center Ci C Wi, and Zi^i is 
the proper transform of Zi under the blowing-up tt^ : T4^i+i -^ Wi. We set pi := 
TTi\zi^i '■ Zi^i — > Zi. Then p = po o ■ ■ ■ o pm-i- Let Ei be the exceptional divisor 
of Hi : Wi+i -^ Wi. Then Ei = ^{NcjWi): where NcjWi is the normal bundle of 
Ci in A'^;. Let Owi{Ei) be the line bundle on Wi defined by the effective divisor Ei 
and let ai be the canonical section of OwAEi) such that Ei = div(o'i). 

Since prgOTToo- • -oTn^Ei) = {0}, there is a small open neighborhood V| C Wi+i 
of ^i such that pr207roo... o^,(vf ^) CT(i). Since OwAE^)\E, ^ Op^Nc^^„^){-1), 
there is a Hermitian metric hQ^ (Ei) on Owi(Ei) such that hQ^ (Ei){(^i,(^i) = 1 on 
Wi \ Vi and such that ci{OwA-Ei),h'^^^ ^^^■^)\e, = dd''\oghQ„^(^Ei){<^i,<7i)\E, is a 
positive (1, l)-form on the relative tangent bundle T'P{NQ./Y/.)/Ci. For a Kahler 
form ujWi on Wi, there exists Ai> Q such that AiTT*uJWi + ci{Owi{—Ei), h'^ ,^ A 
is a positive (1, l)-form on TWi\Ei ^'^d hence on a neighborhood of Ei. Choosing 
Ai large enough, we may assume that Aiir^uiWi + ci{Owi{—Ei),h'^ ,^.) is a 

positive (1, l)-form on V^ . Since Ain*ujWi + ci{Ow^i— Ei) , h'^ /^ •,) ~ Ain*ujWi 

on Wt \ V^''' , uj\^l := n*ujw, + 3-ci(Cw.(--Bi), /ioJ^.(£;^)) is a Kahler form on Wi 
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such that Lo'^} = tt*ujw, on Wi\Vi and [uj'^]] = 7r*[a;H'J + -j-ciiOwi{-Ei)). (See 
e.g. [12, Prop. 12.4] for more details.) 

We set iiJwo '■= i^x + K5- For k > 1, we get a sequence of Kahler forms {w|y:^} 
by the procedure as above. We define Kz.k '■— ^w\z- Write p^^{S) = UAeA-^^- 
By the construction of wj^ , there is a Hermitian metric hQ^/£,^\j. on Oz{D\) and 
a real number a\ > for every A S A such that 

(9-1) Kz.k = Kz -Yl "a*"' ciiOziDx), haz(Dx),k) 

xeA 

is a Kahler form on Z with K^.fc = kz on Z \ •i37^^(r(-i)). Here aj^ -^ = if D\ is 
not an exceptional divisor ofp: Z ^>- X Xt S hy construction. By (9.1), we get 

(9-2) [nz,k]\z\z„ = [nz]\z\Zo, 

since OziDx)\z\Zo = Oz\z\z, for all A e A. By (6.2), (9.2), we again get (6.4). 

9.2. Takegoshi's theorem with respect to the degenerate Kahler form. 

Since piZ^Xx^Sisa resolution obtained as a composite of blowing-ups with 
non-singular centers, there is an extension of Takegoshi's theorem (Theorem 5.1) for 
Z by Mourougane-Takayama [23, Prop. 4.4] with respect to the degenerate Kahler 
form Kz = p*{nx + ^s)- However, it is not immediate from their proof if the 
operator L' in [23, Prop. 4.4] is given by the multiplication by k^. We make this 
point clear by proving the following: 

Proposition 9.1. For u (z Hi{Z,n'^+\p*^)), there exists a e iJO(Z, 0'^^^~'^(p*C)) 
such that u = [a A k^] '^^'^ {vj*dt) /\a — Q. 

Proof. We write Zq = UagA -^a- ^y ^^"^ construction in Sect. 9.1, there is a Kahler 
form wz on Z of the form ujz = kz - Z^agA '^a ci(C'z(-Da), /^^^(Da)); where oa > 
is a constant. By Theorem 5.1, there exists a G H'^{Z, il^ ''(p*0) such that u = 
[ctAw^] and {w*ds)f\(T = 0. Since a f\{u}'^2 — k^) — a l\(u:z ^'*z) A^^^ ■ -^ u^^k?^^ 
it suffices to prove the equality of cohomology classes on Z 

[crA (wz -Kz)] = 0. 

Let s\ be the canonical section of Oz{D\) such that div(sA) = D\. Since 

cr A {ojz -Hz) = 9{cr A ^aAaiog/ici^(£,^)(sA,SA)/27rz}, 
AeA 

it suffices to prove that a A d\oghQ^(]j^-){s\, s\) is a C°° differential form on Z. 

Set D := Ua#A' -^a n Dx' and D^ := Dx \ 2). Let p e D^. There is a system of 
coordinates (V, (zq, . . . , Zn)) of Z centered at p such that 'cu(z) = e(z) Zg^ for some 
e\ G Z>o and a nowhere vanishing e(z) G 0{V). Since 'cu(z) = e(z) Zq^ and hence 
zu*ds — exe{z)zQ^^ dzQ + z^^de, the condition {'cu*ds) A cr = implies that 

(9.3) ^Aa = ^-—de{z)Aaen'^+^-''{p*0- 

Zq exeyzj 

Let p G 1). There is a system of coordinates {U,{zo,... ,Zn)) of Z centered 
at p such that zu{z) ~ e(z) Zg" • • • z^" for some Ci G Z>o and a nowhere vanishing 
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e{z) e 0{U). If Ci > 0, then wc deduce from (9.3) that {^h(j)\u\T> e ^'^^''iP*^- 
Since S) has codimension 2 in lA, we get by the Hartogs extension theorem 

(9.4) ^;,„enl+^-\p*0- 

Let p G Zq. There is a system of coordinates (W, (zq, • • • , -s^n)) as above such that 
w\u{z) = e(z) ^o" ■ " ^n"- There exist cj) G C^iU) and z/^ G R such that 

n 

(9.5) ^Og ho :,(D^)isx,Sx)\u = ^I/jlog|Zjp + (/). 

j=0 

Here e^ = impUes i/^ = 0. By (9.4) and (9.5), we get 
(9.6) 

■ n ^i 

1=0 

Since p G Zo is an arbitrary point, we get aAd\oghQ^(^]j^^{a\,a\) G A^ '*' {p*0- 
This completes the proof. D 

As a consequence of Proposition 9.2, we get Takegoshi's theorem (Theorem 5.1) 
for (Y, F*^) with respect to the degenerate Kahler form ky — f'*{Kx + kt)- 

Proposition 9.2. Forv e ^{¥,^1^+^ {¥*£,)), there exists t G iJ"(y, Oy+^"''(^*^)) 
such that V = [t A Ky] and {f*dt) A t = 0. 

Proof. Set u := q*!; G iJ«(Z, fi'^+^(/9*^)). By Proposition 9.1, there exists a G 
iI°(Z,ri^+^"''(p*^)) such that u = [<T A k%] and {m*ds) A cr = 0. By the proof 
of Proposition 6.2, there exists t G iJ"(y, fiy+^"''(i^*C)) such that q*T = cr. 
Since (7*Ky ~ kz, we get <7*(u — [r A k^]) = 0. Since the map of cohomologies 
q*: H'^{Y,n'^+^{F*^)) -> H'^{Z,n''^+^{p*£_)) is an isomorphism by [28, Th.6.9 (i)], 
we get V — [t A Ky]. We get the equahty {zu*dt) A a = as before in the proof of 
Proposition 6.2. D 
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